Depth Hierarchies for
Symmetric Algebraic Circuits”

Anuj Dawar'© Prateek Dwivedit® Benedikt Pago'® Tim SeppeltS

3rd November 2026

Abstract

Algebraic complexity studies the cost of computing families of polynomials by algebraic
circuits, with the central goal of proving super-polynomial circuit lower bounds and separations
between different models of algebraic computation. Since such lower bounds remain elusive
for general circuits, a common strategy is to focus on restricted models. A recent line of
work (ICALP 2020, ITCS & STOC 2026) introduces and studies symmetry as a syntactic
circuit restriction, showing exponential symmetric lower bounds for the permanent, as well as
separations between symmetric analogues of algebraic formulas (VF), skew circuits (VS), and
circuits (VP).

Motivated by the progress of this research programme, we investigate the role of depth as
a complexity parameter in symmetric circuits. For every fixed A > 1, we exhibit a family
of polynomials computable by symmetric circuits of polynomial size and depth 2A + 3, but
requiring size n10gn) at depth A. For a parameter called support depth, which captures the
semantically relevant concept of depth for symmetric circuits, this complexity gap arises
already between A and A + 1.

We also define symmetric versions of the bounded-depth algebraic complexity classes VACK,
for all k € IN, that we call symVACk, and establish two strict hierarchies: Firstly, a hierarchy
within symVAC, corresponding to constant-depth symmetric computation, and secondly, a
hierarchy of the form symVACK C symVACK*! for all k. The latter shows that symmetric circuits
of depth (logn)**1 are strictly more powerful than depth-(logn)* circuits. Our results are
obtained via a graph-theoretic characterisation of the symmetric complexity classes in terms of
homomorphism polynomials. This also allows us to place the bounded-depth classes within the
landscape of symmetric algebraic complexity developed by Dwivedi, Pago and Seppelt (STOC
2026). Finally, we complement this picture by introducing symVNP, a symmetric analogue of
VNP, and establishing symVNP-completeness of the permanent under symmetric projections.

*A Lean formalisation of the main results is available at https://laxarchive.org/lax-461425/.
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1. Introduction

Algebraic complexity theory studies families of polynomials in terms of the algebraic circuit size
that is required to represent them. An algebraic circuit is a directed acyclic graph whose internal
vertices correspond to addition and multiplication gates and whose input gates are labelled with
variables or constants from a fixed underlying field. It computes a polynomial in the input
variables in the natural way, and the circuit size is defined as the total number of gates and wires
it contains. In 1979, Valiant postulated the conjecture that the permanent polynomial, i.e., the
determinant without signs, does not admit polynomial-size algebraic circuits [Valy9]. A central
part of the algebraic complexity programme is thus to develop techniques for proving circuit size
lower bounds. The common approach is to begin with restricted circuit models, where lower
bounds are easier to establish. A substantial line of work has focussed on proving lower bounds
for example on monotone or multilinear circuits and formulas [KS14]. Arguably, these results
tell us more about the weakness of the restricted models than about the true complexity of the
permanent: In fact, many of them, like the exponential lower bound for multilinear formulas
computing the permanent [Razo4], apply equally to the determinant, even though the determinant
is known to admit polynomial-size circuits.

In recent years, a new circuit restriction has been investigated [DW22; DW20; DPS26a; DPS26b],
in which determinant and permanent provably do exhibit a polynomial versus exponential
complexity gap, in line with Valiant’s conjecture. This model is that of symmetric circuits. Not only
has the separation between determinant and permanent [DW20] been established for this model,
but also the separations of symmetric analogues of the major classes in algebraic complexity, that
is, VF, VBP/ VS, and VP [DPS26b] (corresponding to algebraic formulas, branching programs
or skew circuits, and general circuits, respectively). Briefly, the notion of symmetry means the
following: Whenever a polynomial p € K[X] is invariant under a permutation group I acting on
the variables X, then it makes sense to require I'-symmetry also of a circuit C that computes p. A
circuit C is I'-symmetric if, for every permutation 7r € I' that acts on the input variables, there also
exists a permutation ¢ of the gates of C that is consistent with 7t on the input gates, and preserves
the wire structure of the circuit (that is, is an automorphism of C). For a formal definition, see
Section 2.2. In this paper and in most of the works referenced above, the group I is always
Sym,, x Sym,, and it acts via row and column permutations on variables X, := {x;; | i,j € [n]}
that are arranged in an n x n matrix. This notion is called matrix symmetry, and it applies to
matrix polynomials such as the permanent and many other natural polynomials® from algebraic
complexity.

The recent lower bounds and separation results for symmetric circuits establish this model as
an important and promising concept that merits further investigation. In this paper, we focus on
the interplay of symmetry and depth in algebraic circuits. Bounded-depth circuit classes are a
natural notion that has been studied extensively both in the algebraic and the Boolean setting. We
prove depth hierarchies for symmetric circuits and place them in the existing symmetric algebraic
circuit complexity landscape. A depth hierarchy is a statement along these lines: For every A € IN,
there exist families of polynomials that are computable by depth-A circuits of polynomial size but
require super-polynomial size to be computed by a circuit of depth < A. Such depth hierarchy
results were first shown for restricted circuit models, such as constant-depth multilinear formulas
[RY09; Chi+18], and recently for general constant-depth algebraic circuits in the breakthrough
by Limaye, Srinivasan and Tavenas [L.ST25]. Other known results in this style are the separation

'The determinant is symmetric, too, but only under the simultaneous action of Sym,, on the rows and columns, not
under all independent row and column permutations.



between multilinear NC! and NC? circuits [Razo6], and depth hierarchies of various strengths in
the Boolean setting, that is, for ACY circuits [Sip83; Has87; Has+17].

1.1. Results

Our main results establish depth hierarchies for symmetric algebraic circuits, both within the
constant-depth regime between A and A + 1, as well as between depths (logn)* and (logn)*+!
for all constants k. The former is a symmetric analogue of the depth hierarchy inside VAC®, which
is the class of polynomials computable by constant-depth polynomial-size circuits, and the latter
shows a hierarchy between symmetric analogues of the classes VAC* and VAC*? for all £.

These results are not implied by the hierarchies that are known in the non-symmetric setting,
and are in some sense incomparable: While the symmetric model is syntactically restricted, its
complexity measure is more lenient than for standard circuits. Namely, the natural size parameter
of symmetric circuits is their orbit size, which is the number of gates in its largest orbit under the
action of the symmetry group. Thus, a circuit can be considered efficient under symmetry aspects
even when it contains a super-polynomial number of gates, as long as for each gate, there is at
most a polynomial number of gates that are symmetric to it. A circuit with super-polynomial
orbit size has in particular super-polynomial size, so lower bound results for symmetric circuits
apply to the standard notion of size (i.e., total number of gates), too. Our depth hierarchy holds
both with respect to the orbit size and standard circuit size measure.

Theorem 1.1. Fix any A > 1. There is a family (p)nen of matrix-symmetric polynomials such that

1. Every matrix-symmetric circuit of depth < A computing p, has size at least n*(10821),

2. There is a matrix-symmetric circuit of depth 2A + 3 and size O(n®"2) computing py.

Stated in terms of the notion of support depth, which is the semantically relevant depth parameter
for symmetric circuits (see Section 2.3), the separation is in fact between A and A +1, see
Theorem 3.1 for the formal statement. This is similar to other depth hierarchy results where
product depth, rather than depth, is the relevant measure. Moreover, support depth and depth
agree up to a factor of 2 at polynomial orbit size, as we will see in Corollary 3.6.

Theorem 1.1 motivates introducing bounded-depth symmetric algebraic complexity classes and
locating them in the symmetric algebraic complexity hierarchy

symVF C symVS C symVP

that was established in [DPS26b]. Using sophisticated machinery from finite model theory
[GLN25] and the theory of homomorphism indistinguishability [Rob26], we place the bounded-
depth classes in the existing picture, and unconditionally establish the separations depicted in
Figure 1.

Definition 1.2. For A > 0, let symVACY denote the class of families (p,) of matrix-symmetric
polynomials for which there is a constant c such that, for all sufficiently large 1, the polynomial
pn is computed by a matrix-symmetric circuit of orbit size < n° and support depth < A. Let
symVAC? := (55 symVACS.

For k > 1, let symVACK denote the class of families (p,) of matrix-symmetric polynomials for
which there is a constant c such that, for all sufficiently large n, the polynomial p, is computed
by a matrix-symmetric circuit of orbit size < n¢ and support depth < clog* n. Let symVAC :=
Uks1 symVACK.
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Figure 1: The classical landscape of algebraic complexity classes (left) and the symmetric landscape
developed here (middle). Dotted lines connect symmetric classes to their classical counterparts
(by identifying size with orbit size, depth with support depth). On the classical side, all classes
consist of p-families, that is, families of polynomials with polynomially bounded degree: VP and
VNP by definition, VAC®, VF = VNC!, and VBP automatically, and VAC' and VNC are restricted to
p-families. Each symmetric class consists precisely of the linear combinations of homomorphism
polynomials homp , for patterns F satisfying the condition on the right, for a constant c. Restricted
to p-families, symVP and symVAC1 are equal.



Symmetric algebraic complexity classes and homomorphism polynomials. The classes symVF,
symVS, and symVP comprise matrix-symmetric polynomials that are computable by matrix-
symmetric formulas, skew circuits, and circuits of polynomial orbit size, respectively. The main
technical contribution of [DW20; DPS26b] was a characterisation of these syntactic circuit classes in
terms of a graph-theoretic semantics: Each of these classes consists precisely of linear combinations
of homomorphism polynomials of patterns of bounded treedepth, bounded pathwidth and bounded
treewidth, respectively, cf. Theorem 2.9. A homomorphism polynomial

homey(X) = Y, TT *wwaw

h: V(F)—[n] abeE(F)

is parametrised by a pattern graph F and the size n of the target graph. Its variables can be
instantiated with the adjacency matrix of an n-vertex graph G, and homr ,(G) evaluates to the
number of homomorphisms from F to G. The separation of the symmetric algebraic complexity
classes then follows from the separation of the graph distinguishing power of the corresponding
classes of homomorphism polynomials.

The right column of Figure 1 describes the structural graph parameter of the homomorphism
polynomials whose linear combinations capture the respective symmetric algebraic complexity
class. For example, the correspondence between symVP and tw(F) < ¢ of [DPS26a] is to be read
as follows: A family (p,)nen is in symVP if and only if there is a fixed constant ¢ € N such that
for every n € IN

pa(X)= ), apu-homg,(X), (1)

F with tw(F)<c

for some choice of coefficients ar, € K.

In Theorem 3.5, we prove a characterisation of the polynomials computed by matrix-symmetric
circuits of a given orbit size and support depth. The graph parameter arising here is A-forestwidth
fwa, a graph parameter inspired by A-treewidth of Bhargav, Chen, Curticapean, and Dwivedi
[Bha+25]: For A > 0, a graph F has A-treewidth twa(F) < k if it admits a tree decomposition
(T,B) of width < k such that the decomposition tree is of depth at most A. For example,
two(F) = |V(F)| — 1, as A = 0 forces the tree decomposition to consist of a single vertex, and
twy(F) is closely related to the vertex-cover number of F, see [Bha+25]. Bounded-depth tree
decompositions are studied in finite model theory [Adl+26] and also arise as divide-and-conquer
schemes for iterated matrix multiplication [LST25]. A-forestwidth differs from A-treewidth only
in the additional technical requirement that the root bag be empty.

In order to describe the bounded-depth setting, our characterisation Theorem 3.5 needs to be
more precise than previous results [D’S26b; DPS26a], which it fully subsumes. In particular,
Theorem 3.5 does not only hold asymptotically but at every fixed host size n, see Section 3
for a discussion. This allows us to overcome the limitation of [DPPS26b; DPPS26a] to circuits of
polynomial orbit size.

Comparing classical and symmetric hierarchies. The depth hierarchy within symVAC® parallels
the one within VAC?, though it follows from completely different arguments. As noted earlier,
it is not just a special case of the result for VAC®, among other things because of the distinction
of size versus orbit size. The separations between symVACF and symVACK*! have an essentially
uninteresting analogue in the non-symmetric setting: Since the definition of VACF bounds total
circuit size rather than orbit size, there is an upper bound of 20(108"" 1) o the degree of the
polynomials that VAC* can compute—therefore, VAC**! contains polynomials that are not in

VACK simply because their degree is too large. The definition of symVACF, however, puts no



upper bound on the total circuit size, but rather on the orbit size. This does not entail an upper
bound on the degree, so the separation between symVACF and symVAC**! is a genuine result, not
an immediate consequence of the definition. It builds on quite sophisticated lower bounds on
the iteration number of the Weisfeiler-Leman algorithm for graph isomorphism [GLN25]. This
iteration number translates into symmetric circuit depth via our homomorphism polynomial
characterisation.

A new separation that we establish in the symmetric setting and which is not known to hold
for non-symmetric circuits is symVBP = symVS C symVAC!. Even the inclusion, not just the
separation, is surprising, given that no degree restrictions are imposed in these classes. For
example, symVS contains the homomorphism polynomials of paths with 2" vertices, whose
natural representation in symVS has depth 22", Tt is not at all straightforward to show that
these polynomials are also in symVAC!, i.e., require only logarithmic depth. For p-families, this
follows from Theorem 4.1, but for families of higher degree, this requires substantially different
techniques from invariant theory, as our graph-theoretic criterion alone does not yield this.

Symmetric VBP and VNP. As depicted in the figure, we also provide definitions of the symmetric
classes symVNP and symVBP, for which no natural definitions were known so far. While symVS
was defined in terms of symmetric skew circuits, symVBP comprises the families of polynomials
computable by symmetric algebraic branching programs (ABPs) of polynomial orbit size. In
the general non-symmetric setting, skew circuits and ABPs are polynomially equivalent. As we
prove in Theorem 6.3, via the homomorphism polynomial characterisation, this carries over to the
symmetric setting, so that we also have symVS = symVBP. In order to define the class symVNP,
we place a natural symmetry condition on the definition of VNP in terms of hypercube sums
over VP-polynomials, see Definition 7.1. This definition turns out to yield the correct symmetric
analogue of VNP in the sense that it satisfies the following neat properties: Firstly, symVNP is
equal to the class of all matrix-symmetric polynomials, see Theorem 7.3. Secondly, the permanent
is complete for symVNP under symmetric projections (Theorem 7.7)—this is in analogy to the VNP-
completeness of the permanent under not necessarily symmetric projections. Symmetric formulas
are strictly weaker than symmetric circuits [DPPS26b, Theorem A]. Nevertheless, Corollary 7.4
shows that their Boolean sums define the same class. Thus, as in classical VNP, restricting
witnesses to formulas does not reduce expressive power.

1.2. Techniques

On a high level, the proof of Theorem 1.1 follows the strategy established in [DPPS26b; DPS26a]
for separating symmetric algebraic complexity classes. Its two ingredients are a characterisation
of a symmetric algebraic complexity class in terms of homomorphism polynomials for patterns
from some graph classes of restricted structure and a separation result asserting that a certain
polynomial cannot be written as a linear combination of homomorphism polynomials for patterns
from some graph class. However, the ideas in [DPS26b; DPS26a] are insufficient for Theorem 1.1
and need to be substantially refined.

Characterisations. The characterisations are insufficient as they only apply to circuits of poly-
nomial orbit size. Our lower bounds require considering circuits of orbit size #*(1°8") and thus
a tighter analysis. Moreover, the most technical ingredient of [DPS26b; DPS26a], a lemma de-
scribing how support-changing gates affect the inductively constructed linear combination of
homomorphism polynomials, needs to be replaced entirely. For details, see Section B.2.



Separation. Even though every matrix-symmetric polynomial can be written as a linear com-
bination of homomorphism polynomials, this linear combination is by no means unique; see
[DPS26b, Example 3.1] and [Cur22] for examples. Figure 1 also illustrates this: By Theorems 5.2,
3.5, and 2.9, it holds that symVBP C symVAC!, ie., every polynomial that can be written as a linear
combination of homomorphism polynomials for patterns of pathwidth O(1) can also be written
as such a combination for patterns of O(log n)-forestwidth O(1). However, there are families
of graphs of constant pathwidth and super-constant O(logn)-forestwidth. Nonetheless, their
homomorphism polynomials lie in symVAC'.

Dawar, Pago, and Seppelt [DPS26a] introduced the non-uniform descriptive complexity monotonicity
for ruling out such failures of homomorphism polynomials of distinct patterns to be linearly
independent. For example, in order to show that a matrix-symmetric polynomial p, is not
in symVP, one may (recalling (1)) construct n-vertex graphs G and H that are homomorphism
indistinguishable over all graphs of treewidth < ¢, i.e., admit the same number of homomorphisms
from every such graph, but differ in the value of p,(G) # p.(H). The construction of G and H
in [DPS26a] crucially relies on the fact that the bound on the treewidth < c is constant while
the host size n is unbounded. It therefore cannot yield lower bounds as in Theorem 1.1 or
lower bounds against symVACK where “treewidth < ¢’ is replaced by ‘clog® n-forestwidth < ¢’, a
condition depending on the host size n. In Theorem 3.7, we overcome this issue using techniques
from structural graph theory and homomorphism indistinguishability [Rob26]. Our upgraded
non-uniform descriptive complexity monotonicity supersedes [DPS26b; DPS26a] and has a more
direct proof.

1.3. Future work

We highlight the following three directions for future work that may build on the results we have
obtained. Firstly, our logarithmic depth reduction for p-families (Theorem 4.1) raises the question
of whether symmetric circuits can be reduced further, to depth 3 or 4, and at what cost in orbit
size. In the classical setting, depth reduction began with balancing circuits [Hyay9; Val+83] and
formulas [Brey4; BCEgs5]. Later work gave sharper bounds for homogeneous formulas [Fou+26]
and syntactically multilinear circuits [KOS19]. The depth-four [AV08; Koi12; Tavis] and depth-
three reductions over the rationals [Gup+16; Tavis] allow sufficiently strong lower bounds for
shallow circuits to be lifted to general circuits. This is the motivation for seeking analogous
reductions that preserve symmetry.

Another promising direction is to port the symmetry framework to algebraic proof complexity.
In [Daw+25], a symmetric version of the Ideal Proof System (IPS), which is based on algebraic
circuits, was introduced. Can symmetries be exploited in order to prove strong lower bounds
against this proof system? An active recent line of work has established lower bounds for very
restricted fragments of IPS, for example ro-ABP or constant depth multilinear IPS proofs [For+21;
GHT22; HLT24; Elb+26]. A natural next step in this direction would be to attempt lower bounds
for bounded depth symmetric IPS proofs. The machinery we have developed in this paper may
serve as a tool to approach this problem.

Finally, we believe that our definition of the class symVBP is a first step towards combining the
symmetry-based lower bound approach with an ongoing programme on stronger (multilinear
read-once oblivious) ABP lower bounds, e.g., [Cha+24; BDS25; Fab+26]. Our definition and
homomorphism polynomial characterisation of symmetric ABPs may be used in combination
with other techniques to make new progress in this line of research, too.



2. Preliminaries

We work over a field K of characteristic zero. Write [n] = {1,...,n} and let Sym, be its

permutation group. We follow the circuit and graph-polynomial conventions of [DPS26a; DPS26b].

2.1. Circuits and polynomial families

An algebraic circuit is a finite directed acyclic graph whose input gates are labelled by variables
or field constants and whose internal gates are labelled by + or x. Input gates with the same
label are identified. We allow unbounded fan-in and parallel wires, counted with multiplicity in
each operation. There is a unique output gate, and every gate lies on a path to it. The size is the
number of gates and wires, counting multiplicities. The depth is the maximum number of wires
on an input-to-output path. Likewise, the depth of a rooted tree or forest counts edges, so a single
node has depth 0.

A formula has no parallel wires and its internal gates induce a tree; input gates may be shared.

A circuit is skew if each multiplication gate has at most one incoming wire from an internal gate.

A function is p-bounded if it is bounded by a polynomial in its arguments. A p-family is a
polynomial family whose number of variables and degree are p-bounded. The classes VP and VF
consist of p-families computed by circuits and formulas, respectively, of polynomial total size. A
p-family (f,) belongs to VNP if there are a p-family (g,) € VP and a p-bounded function g such

that
fu(Xn) = Z Sn(Xu,e).
ec{0,1}4()

2.2. Matrix symmetry and orbit size

Forn > 1, put X, = {x;; : i,j € [n]}. The group I'; = Sym, x Sym,_ acts on &}, by (0, 7)x;; =

onaset Qand S C (), write Stabr(S) for the setwise stabiliser and Stab®r(S) for the pointwise
stabiliser. We omit I' when it is clear.

Let I act on the variables of a circuit C, fixing field constants. Write A(v) for the label of a gate v.

A circuit automorphism preserves internal operation labels and the directions and multiplicities
of wires. Such an automorphism ¢ extends v € T if A(c(v)) = v(A(v)) for every input gate v.

Definition 2.1 (Symmetric circuits). A circuit is I'-symmetric if every v € I extends to a circuit
automorphism. For I' = I';; acting on X);, we call it matrix-symmetric.

Let Autr(C) be the group of all automorphisms extending some element of I'. The orbit size is

maxOrb(C) = max [{c(v) : ¢ € Autr(C)}|.
veV(C)

2.3. Rigid circuits, supports, and support depth
The group T, acts on [n] W [n] and on AX;,.

Definition 2.2. A matrix-symmetric circuit C is rigid if every element of I';, extends to a unique
automorphism of C. It is reduced if no two distinct input gates have the same label and no two
distinct internal gates have the same label and the same multiset of children.
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If C is rigid, then I';, acts on the gates of C, and the orbit size of C is the maximal index of a
stabiliser Stab(g) < T, of a gate g.

Lemma 2.3. Every reduced matrix-symmetric circuit is rigid.

Lemma 2.4 (Rigidification). For every matrix-symmetric circuit C, there is a reduced matrix-symmetric
circuit C' computing the same polynomial whose size, depth, and orbit size are at most those of C.

The proofs are given in Section A. We call the circuit C’ constructed there the rigidification of C.
The rigidification lemma here has appeared in similar forms in the literature on symmetric circuits
before, e.g., in [DPS26a; DPS26b]. In all these instances, the lemma actually yields not only a rigid,
but also a reduced circuit (which was not always made explicit). Reducedness is in fact a stronger
condition than rigidity, and the support theorems for symmetric circuits, as presented below, are
actually based on this stronger assumption.

Let C be rigid. A set S C [n] W [n] supports a gate g if the pointwise stabiliser Stab®(S) fixes
¢. We write S;, and S for the two sides of S. If ¢ has a support S with |Sz|, |Sr| < n/2, then
¢ has a unique minimal support sup(g) C S, which is contained in every support of g, and
sup(ntg) = msup(g) for all 7 € T, [DPS26a, Lemmas 2.1 and 2.2]. The support size maxSup(C) of
C is the least k such that every gate of C has a support of size < k. If maxSup(C) < n/2, then every
gate ¢ of C has a minimal support and maxSup(C) = max, | sup(g)|. In this case, a wire from &
to g is support-changing if sup(h) € sup(g), and the support depth of C is the maximum number of
support-changing wires on a path from the output gate to an input gate. If maxSup(C) > n/2,
we let the support depth of C be its depth. For an arbitrary matrix-symmetric circuit, we define its
support size and support depth as those of its rigidification. In any case, the support depth of a
circuit is at most its depth.

Observation 2.5. Every rigid matrix-symmetric circuit of support size < k has orbit size < n*.

Proof. Let S be a support of size < k of a gate g. Since Stab®(S) fixes g, the orbit of ¢ has size at
most the number of images of S under I';;, which is < nlsl. ]

Conversely, small orbit size implies small support size. In contrast to [DPS26a; DPS26b], we
allow circuits of superpolynomial orbit size. For a function f: IN — IN bounding the orbit size, let

Ke(n) = min{r €N: (:Z) > f(n)} . (2)

If f(n) € nOW, then x¢(n) € O(1), i.e. polynomial orbit size corresponds to constant support size,
as in [DPS26a; DPS26b]. The proof of the following theorem is given in Section A.

Theorem 2.6 (Support theorem). Let f: IN — IN. Let n > 20 such that 3xs(n) < n + 2. Then every
gate of a reduced matrix-symmetric circuit of orbit size < f(n) has a minimal support of size < x¢(n) — 1.

2.4. Homomorphism polynomials and graph parameters

A pattern is a finite bipartite multigraph F with a fixed bipartition AW B. For n > 1, its n-th
homomorphism polynomial is

home,(X) = Y T %y
ha: A—[n] abeE(F)

hp: B%[I’l]

The product counts edges with multiplicity. Evaluated on the bi-adjacency matrix of a bipartite
graph, this polynomial counts bipartition-respecting homomorphisms.
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Observation 2.7. If F + Kj is obtained from F by adding an isolated vertex to the left part of the bipartition,
then hompk, » = nhomp, for all n > 1. By adjusting coefficients, we may assume that the patterns
have no isolated vertices.

A tree decomposition of a graph F is a tree T with bags B(t) C V(F) covering V(F). Each edge
has both endpoints in some bag, and the bags containing any fixed vertex induce a connected
subtree. Its width is max; |f(t)| — 1. Minimising this width gives the treewidth tw(F); requiring T
to be a path gives the pathwidth pw(F). A forest decomposition uses a forest in place of T.

An elimination forest of F is a rooted forest on V(F) in which the endpoints of every edge are
comparable in the ancestor order. The treedepth td(F) is the minimum possible maximum number
of vertices on a root-leaf path in such a forest. Thus td(K;) = 1, while the depth of a one-node
rooted tree is 0. These graph parameters ignore edge multiplicities.

2.5. Symmetric algebraic complexity classes
We recall the complexity classes introduced by Dwivedi, Pago, and Seppelt [DPS26b].

Definition 2.8 ([DPS26b]). The classes symVP, symVS, and symVF contain all families (p,) of

matrix-symmetric polynomials computed by matrix-symmetric circuits, skew circuits, and formu-

las, respectively, of orbit size nO),

These classes impose no degree or total-size bound. The class symVBP of symmetric algebraic
branching programs is defined in Section 6. Theorem 6.3 shows that symVBP = symVS.

Theorem 2.9 ([DPS26b; DPS26a]). Let (py) be a family of matrix-symmetric polynomials.

1. (pn) € symVP if, and only if, there is a constant k such that, for all sufficiently large n, py, is a linear
combination of homomorphism polynomials for patterns of treewidth < k.

2. (pn) € symVS if, and only if, there is a constant k such that, for all sufficiently large n, p, is a linear
combination of homomorphism polynomials for patterns of pathwidth < k.

3. (pn) € symVF if, and only if, there is a constant k such that, for all sufficiently large n, p, is a linear
combination of homomorphism polynomials for patterns of treedepth < k.

3. Symmetric constant-depth hierarchy

In this section, we prove the following depth hierarchy theorem for matrix-symmetric circuits,
which makes Theorem 1.1 precise.

Theorem 3.1. Let A > 1 and n > 20. Let Ty , denote the full n-ary tree of depth A.

1. Every matrix-symmetric circuit of support depth < A computing homr, , , has orbit size, and hence

size, at least
nlogz n—Alog, log, n—3.

2. There is a matrix-symmetric circuit of support depth A + 1, depth 2A + 3, orbit size < n?, and size
< 13n*2 computing homr, 4.

Thus, for fixed A, the size gap between support depth A and A 4 1 for these polynomials is
n(1-0(1))log; " Theorem 3.1 has the following immediate corollary.

Corollary 3.2. For every A > 0, it holds that symVACS C symVACY 41
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The second assertion of Theorem 3.1 is standard and proven in Theorem B.2. For the first
assertion, we substantially refine the machinery of [DPS26a; DPS26b]. The proof is conducted in
two steps: In Section 3.1, we give a translation between matrix-symmetric algebraic circuits and
homomorphism polynomials such that support size and support depth of the former correspond
to width and depth of tree decompositions of the patterns of the latter. In Section 3.2, we show that
homomorphism polynomials for Ty, cannot be written as linear combinations of homomorphism
polynomials of patterns of A-forestwidth o(logn).

3.1. Characterisations

The first step is to characterise the polynomials computed by bounded-depth matrix-symmetric
circuits in terms of homomorphism polynomials. The graph-theoretic parameter of the patterns
arising here is a modification of the A-treewidth® of Bhargav, Chen, Curticapean, and Dwivedi
[Bha+25].

Definition 3.3. Let A > 1. The A-forestwidth fwa(F) of F is the least k > 0 such that F admits a
tree decomposition (T, B) with root r such that T has depth < A, B(r) = @, and |B(t)| < k+1 for
all t € V(T). Equivalently, deleting r yields a forest decomposition of F in which every root-leaf
path has at most A nodes.

Our Theorem 3.1 follows from the following observation.

Example 3.4 ([Bha+25, Theorem 17]). Let A,k > 1. Let Ty denote the full k-ary tree of depth A. Then
fwai1(Tax) = 1 whereas fwa(Tpx) > k — 1.

The main result facilitating all separations in Figure 1 is the following characterisation of the
polynomials computed by bounded-depth matrix-symmetric circuits. The characterisation is exact
when the circuits are measured by their supports rather than their orbit size, see Section 2.3.

Theorem 3.5. Let A > 1, k > 2, n > 2k + 1. For a polynomial p € K[X,], the following are equivalent:

1. p is computed by a reduced matrix-symmetric circuit of support size < k and support depth < A.

2. p is a linear combination of homomorphism polynomials homg ,, for patterns F with fwa(F) < k —1.

Theorem 3.5 can be translated to a statement on orbit size via Theorem 2.6. Indeed, if n > 20,
n? < f(n), and 3x¢(n) < n + 2, then every polynomial computed by a matrix-symmetric circuit of
orbit size < f(n) and support depth < A is a linear combination of homomorphism polynomials
for patterns F with fw, (F) < x¢(n) — 2. Conversely, for k > 1 and n > 2k + 3, linear combinations
of homomorphism polynomials for patterns with fw, (F) < k admit matrix-symmetric circuits of
orbit size < n¥*! and support depth < A. The two directions do not match in terms of orbit size:
for instance, for a fixed pattern F of treewidth t and all sufficiently large 1, every matrix-symmetric
circuit computing homg , has orbit size > (, ;).

As a corollary, we observe that support depth and depth agree up to a factor of two, at the
expense of the circuit size. Clearly, every matrix-symmetric circuit of depth < A has support
depth < A. Corollary 3.6 gives the converse:

Corollary 3.6. Let n > 20, A > 1, and n®> < s such that x := xs(n) satisfies 3x < n+ 2. Every
polynomial computed by a matrix-symmetric circuit of orbit size < s and support depth < A is computed
by a reduced matrix-symmetric circuit of depth < 2A + 2, orbit size < n*~!, support size < x — 1, and
support depth < A.

2In the definition of A-treewidth of [Bha+25], the forest decomposition is taken to be a tree decomposition.
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Proof. Let p be computed by such a circuit. By Lemma 2.4, we may suppose that it is reduced. By
Theorem 2.6, it has support size < k — 1, where xk > 3ass > n*> > (5),and n > 2(k — 1) + 1 as

3k < n+2. By Theorem 3.5, p is a linear combination of homp , for patterns F with fw (F) < x —2.

The circuit constructed for this linear combination in Section B.1 has the claimed properties by
Theorem B.2 and Observation 2.5, where the output sum gate adds one to the depth. ]

3.2. Separation

Towards Theorem 3.1, it remains to argue that the homomorphism polynomials for Ty ,, cannot
be written as linear combinations of homomorphism polynomials of patterns of A-forestwidth
o(logn). This will be implied by the following general theorem.

Theorem 3.7. Let F be a class of simple graphs. Suppose that F contains the 1-vertex graph Ky, that
JF is minor-closed, and that F is closed under weak oddomorphism. Let G ¢ F be a connected graph.
Let F be a bipartite multigraph containing G as a minor. Let N > 7(G) == YLoev(q) 24e86(©)=1 " Then

hOl’np,N ¢ f_)N(]:)

Here, for a graph class F and n > 1, we write £, (F) for the K-linear span of the homomorphism
polynomials hompr, for all bipartite multigraphs F whose underlying simple graph is in F.

The statement playing the same role as Theorem 3.7 in [DPS26a] differs in that it only permits
G to be an induced minor of F, and its size bounds are less tight and thus insufficient for our
needs. Moreover, the proof of Theorem 3.7 is more direct.

The assumption in Theorem 3.7 that F is closed under weak oddomorphism requires an
explanation: A weak oddomorphism [Rob26] is a homomorphism between two graphs satisfying
certain parity constraints. These constraints arise from analysing the CFI construction [CFl92], the
most versatile method for constructing highly indistinguishable graphs. A graph class F is closed
under weak oddomorphisms if, for every F € F and every weak oddomorphism F — G, it holds that
GeF.

Roberson [Rob26] showed that graph classes F that are closed under weak oddomorphisms
(and under disjoint unions and taking summands) are homomorphism distinguishing closed, i.e., for
every F' ¢ F, there exist G and H that admit the same number of homomorphisms hom(F,G) =
hom(F, H) from every F € F but hom(F’,G) # hom(F’, H). In this case, homp n & $n(F) for
N > |V(G)|,|V(H)|. Our Theorem 3.7 combines this result with a compact reduction to graph
minors inspired by [Sep24b].

The classes of graphs of treewidth < k, pathwidth < k, and treedepth < k are closed under weak
oddomorphisms [Neuzy; Sepz4a; Adl+26]. These results underpin the symVF C symVS C symVP
hierarchy of Dwivedi, Pago, and Seppelt [DPS26b]. We prove the analogous statement (in an
approximate sense) for the class of graphs of A-forestwidth < k in Corollary B.18. This requires
explicitly describing the forbidden minors of graphs of A-forestwidth < k. Combining Theorem 3.7
and Section 3.1 yields Theorem 3.1 in Section B.5.

4. Symmetric depth reduction

Hyafil [Hya79] showed that polynomials of degree d computed by circuits of size s have circuits
of depth O(logslogd) and size s°(°8). Valiant, Skyum, Berkowitz, and Rackoff [Val+83] reduced
the size to poly (s, d), with depth O(logdlog(sd)) and fan-in two; their proof yields depth O(logd)
if sum gates may have unbounded fan-in, see e.g. [AW26]. That is, VP C VAC!, noting that by
definition VP contains only p-families. We prove the analogue for matrix-symmetric circuits,
where orbit size takes the role of size.

11
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Theorem 4.1. symVP and symVAC! contain the same p-families.

The proof of Theorem 4.1 differs from [Val+83]: it combines Theorem 3.5 with the balanced tree
decompositions of Theorem 4.2.

Theorem 4.2 (Bodlaender [Bod89, Theorem 4.2 and proof of Theorem 4.1]). Let n,k > 1. Every
n-vertex graph F of treewidth < k admits a tree decomposition with bags of size < 3(k + 1) whose tree is a
rooted binary tree of depth < 2[log% (2n)].

Proof of Theorem 4.1. By definition, symVAC! C symVP, so we only need to show the other inclusion.
Let (pn) € symVP be a p-family. By Theorem 2.9, there exists a constant k > 1 such that, for all
sufficiently large n, p, can be written as a linear combination of homomorphism polynomials

Pn =Y &, homg,
F

for bipartite multigraphs F of treewidth tw(F) < k. The degree of homr , is equal to the number
of edges of F. Since |V(F)| < 2|E(F)| as F contains wlog no isolated vertices by Observation 2.7,
we have that the number of vertices in F is bounded by a polynomial. By Theorem 4.2, the patterns
F admit a tree decomposition of width < 3(k + 1) and depth O(logn). By the easy direction of
Theorem 3.5, i.e., Theorem B.2, it follows that (p,) € symVAC!. O

Following the same idea as in the above proof but making the parameter dependencies more
precise, we show the following symmetric analogue of [Val+83]. In contrast to Theorem 4.1,
Theorem 4.3 also applies to circuits of superpolynomial orbit size. The theorem is proven in
Section C.1.

Theorem 4.3. Let € > 0. Let (py) be a family of matrix-symmetric polynomials of degree < d(n) computed
by matrix-symmetric circuits of orbit size < s(n) < 2" . Then (py) is computed by matrix-symmetric
circuits of depth O(logd(n)) and orbit size < max{s(n), n?}3/¢ for all sufficiently large n.

We finally note that the depth O(logd(n)) in Theorem 4.3 cannot be improved, even if the orbit
size may grow polynomially. Let P, denote the m-vertex path.

Theorem 4.4. Leta > 1and d: N — N with2 < d(n) < n“.

1. The polynomials homp,  » have degree < d(n) and are computed by matrix-symmetric circuits of
orbit size < n® and depth O(logd(n)).

2. For every c, every matrix-symmetric circuit of orbit size < n° computing homp, =, has support
depth, and hence depth, Q. ,(logd(n)).

5. Symmetric polylogarithmic-depth hierarchy

We explore the relationship between the bounded-depth complexity classes symVACF for k > 0 and
symVF, symVBP, and symVP. Using graph-theoretic arguments, we show that symVAC® = symVF
in Theorem 5.1. Using invariant-theoretic techniques, we show that symVBP C symVAC! in
Theorem 5.2. Using the separation techniques from Section 3.2, we show that this inclusion is
proper, i.e., symVBP C symVAC!, in Theorem 5.4. Finally, we show strictness of the symVACk-
hierarchy and that symVAC = (J;~; symVACK is a proper subclass of symVP. Here, we employ
iteration number lower bounds for the Weisfeiler—Leman algorithm by Grohe, Lichter, and Neuen
[GLN25].

12



5.1. Constant-depth reduction for formulas

We first prove a symmetric analogue of a result of Brent [Brey4] asserting that every formula of
size s can be rewritten to a formula of depth O(logs) and size poly(s).

Theorem 5.1. symVAC? = symVF.

Proof. By transforming tree decompositions into elimination forests and vice versa, cf. [Adl+26],
every non-empty graph F and every A > 1 satisfy

fwigep) (F) <td(F) =1  and td(F) < (fwa(F) +1)A. (3)

Moreover, fwa(F) < fwa/(F) for A > A'.

Let (p,) € symVF. By Theorem 2.9, for some A > 2 and all sufficiently large n, p, is a linear
combination of homomorphism polynomials for patterns of treedepth < A. By (3), these patterns
satisfy fwa(F) < fwygp)(F) < A — 1. By Theorem 3.5 and Observation 2.5, p, is computed by
matrix-symmetric circuits of support depth < A and orbit size < n® for n > 2A + 1. Hence,
(pn) € symVACK.

Conversely, let (p,) € symVAC} be computed by matrix-symmetric circuits of orbit size < n°
and support depth < A, where ¢ > 2 is an integer and A > 1. For all sufficiently large n, we have
kne(n) < c+1and 3(c+1) < n+ 2, so the rigidification has support size < ¢ by Theorem 2.6.
By Theorem 3.5, p;, is a linear combination of homomorphism polynomials for patterns with
fwa(F) < c¢—1, and thus td(F) < cA by (3). Hence, (p,) € symVF by Theorem 2.9. O

5.2. Bounded pathwidth in logarithmic support depth

We now turn to the relationship between symVAC! and symVBP. By Theorem 2.9 and Theorem 3.5,
the complexity classes symVAC! and symVBP are characterised as the polynomials that can be
written, for some constant c, as linear combinations of homomorphism polynomials for patterns
F, of fw, 10gn(Pn) < cand pw(F,) < ¢, respectively. We show the following.

Theorem 5.2. symVBP C symVAC!.

This is notable since the exponentially long paths P»» have pathwidth 1, but for every constant ¢
and all sufficiently large 7, it holds that fwog,,(P2r) > ¢ + 1 by Example B.11 and Lemma B.10.
The proof of Theorem 5.2 is therefore not combinatorial but invariant-theoretic. The key ingredient
is the following consequence of the Nagata—Higman theorem [Hig56] with Razmyslov’s bound
[Raz74] on the nilpotency index.

Theorem 5.3 ([Pro76, Theorems 3.2-3.4], [Razy4]). Suppose that K has characteristic zero. Let
N,m > 1. Let Q be a commutative K-algebra and Ay, ..., Ay € QNXN_ For a word w = wy - - - wy over
[m], write Ay = Ay, - - Aw,. Then every Ay is a linear combination of matrices A, with |u| < N?
whose coefficients are polynomials over K in the traces tr(A,) with |v| < N2

We encode patterns of bounded pathwidth as series compositions of bilabelled graphs, cf.
[MRz20; GRS25; Sep24a]. To a bilabelled graph, we may associate a homomorphism matrix
counting homomorphisms with prescribed label images. We apply Theorem 5.3 to these matrices.
The theorem then yields that every homomorphism polynomial of a bounded pathwidth pattern
is a polynomial in traces of words in homomorphism matrices of polynomial length. Applying
traces amounts to identifying in- and out-labels of bilabelled graphs and thus preserving bounded
pathwidth. Finally, we apply Theorem 4.2 to reduce to logarithmic depth. The full proof of
Theorem 5.2 is conducted in Section C.2. Finally, we observe that the inclusion of Theorem 5.2 is
strict.
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Theorem 5.4. symVBP C symVACL.

Proof. Let B, be the complete binary tree with n leaves, as in [DPS26b]. Since pw(B,) € ®(logn)
is unbounded, (homp, ,,) ¢ symVBP by [DPS26b]. The bags {v, parent(v) } together with an empty
root bag show that fwa(B,) < 1 for A € O(logn). By Theorem 3.5 and Observation 2.5, homg, ,,
is computed by matrix-symmetric circuits of orbit size < n? and support depth O(logn). O

5.3. Separating symVAC! from symVP

Using the robust lower bounds on the iteration number of the Weisfeiler-Leman algorithm of
Grohe, Lichter, and Neuen [GLN25], we show that some families in symVP require superpolylog-
arithmic support depth. By Theorem 4.1, the witnesses of this separation are not p-families.

Theorem 5.5. symVAC C symVP.
Theorem 5.5 is inferred from the following result.

Theorem 5.6 ((GLN25, Theorem 1.2]). There are absolute constants ko € IN and «, & > 0 such that, for
every d > k > ko and every n > ad®k®, there is a pair of k-ary n-element relational structures A and B
that are distinguished by k-WL, but d-WL does not distinguish 2 and B after n* refinement rounds.

We fix k := ko, choose d ~ n'/8, and transfer 2% and B to a pair of N x N matrices with
N = (n +1)*. By Theorem 3.5, circuits of orbit size 2V and support depth A compute linear
combinations of homomorphism polynomials for patterns F with fw, (F) < N". For small y > 0,
we have kN < d, so these polynomials cannot distinguish the two matrices unless kN7A > n#,
since d-WL does not distinguish 2 and 8 within n%k refinement rounds. Hence, A > NY for some
8 > 0. The proof is given in Section C.3. A version of the lower bounds of Grohe, Lichter, and
Neuen [GLN25] with a tunable number of rounds separates the levels of symVAC.

Theorem 5.7. For every k > 1, symVACK C symVACK1,

6. Symmetric algebraic branching programs

We introduce symmetric algebraic branching programs, the symmetric analogue of algebraic
branching programs. We then show that the resulting class symVBP coincides with symVS.

We state the results for square variable matrices &} and polynomial families ( f,,). All symmetric
classes in this section refer to this setting, with I', = Sym, x Sym . The same arguments apply
to rectangular variable matrices, with orbit size polynomial in the sum of the two dimensions.

An algebraic branching program (ABP) in variables X is a finite directed acyclic graph G = (V, E, /)
with a unique source s and a unique sink ¢. Each edge e is labelled by an affine linear form ¢(e)
over K in X. The polynomial computed by G is the sum, over all directed paths from s to ¢, of the
product of their edge labels.

Definition 6.1 (Symmetric ABPs). Let G = (V,E, ¢) be an ABP in variables X and letI' < Sym(X).
We call G T-symmetric if every m € T’ extends to an automorphism ¢ of (V, E) fixing s and ¢ such
that

l(o(e)) = m(L(e)) for every e € E.

Here 71 permutes the variables and fixes field constants. Let Autr(G) be the group of all
automorphisms extending some 7t € I'. The orbit size of G is

maxOrb(G) = r?ea‘;(‘{a(v) :0 € Autr(G)}|.

14



Definition 6.2 (symVBP). The class symVBP contains all families of matrix-symmetric polynomials
(pn)nen in variables X, that can be represented by I';,-symmetric ABPs whose orbit size is
polynomial in 7.

Recall from Section 2.5 that symVS consists of matrix-symmetric polynomial families computed
by symmetric skew circuits of polynomial orbit size. In classical algebraic complexity, VBP = VS:
polynomial-size ABPs and skew circuits compute the same polynomial families [Mah13]. The
following theorem extends this equivalence to the symmetric setting.

Theorem 6.3. symVBP = symVS.
The following two lemmas prove both directions.
Lemma 6.4. symVBP C symVS.

Proof. We use the standard conversion from ABPs to skew circuits [Mah13, Section 3, p. 11] and
verify that it preserves symmetry and polynomial orbit size. Let G be a symmetric ABP of orbit
size B, and write £(u,v) = ayy0 + Yrcx AuvxX. For each vertex v, introduce a sum gate P,,. Give Ps
the single input 1, and, for v # s, set

PU - Z (auv,OPu + Z auv,xxpu> .

(u,v)€E xeX

Each term is a separate product gate feeding directly into P,. Retain terms with zero coefficients.
Every product gate has just one internal child, so the circuit is skew. Induction over G shows that
P, computes the path sum from s to v. Choose P; as the output gate.

Every extending automorphism of G acts on this circuit by permuting the vertex and variable
indices. To bound orbit size, we must consider all extending circuit automorphisms. Any such
automorphism permutes the sum gates P,, fixes Ps as the only sum gate with an input child, and
fixes the output P;. A product gate has parent P, and unique internal child P,, which identify the
endpoints of its ABP edge. Its input labels identify the coefficient and the variable, if present. Since
we retained all terms, including those with zero coefficients, this recovers every edge and its affine
label. Thus every extending circuit automorphism induces an extending ABP automorphism, and
sum-gate orbits have size at most B. Each product gate is determined by an ABP edge (u,v) and
the choice of the constant term or a variable x € X. The induced ABP automorphism gives at
most B possible images for each of 1 and v, and each resulting edge has | X| + 1 product gates.
Thus every product-gate orbit has size at most B2(|X| + 1). With input gates shared by label,
variable inputs have orbits of size at most |X|, and constant inputs are fixed. Hence the circuit has
polynomial orbit size. O

Lemma 6.5. symVS C symVBP.

Proof. Let (f,) € symVS. By Theorem 2.9(2), there is a constant k such that, for all sufficiently
large n, f, is a finite linear combination of homomorphism polynomials homr, with pw(F) < k.
For each remaining 7, a homomorphism expansion uses patterns with at most n vertices on each
side, hence pathwidth less than 2. Enlarging k covers these finitely many cases.

Fix n and one such pattern F. We recall the standard path-decomposition construction underly-
ing the upper bound in [KPR22, Theorem 17]. The ABP chooses the images of the pattern vertices
along a path decomposition. A state remembers only the images of vertices in the current bag.

Take a path decomposition with bags of size at most k + 1, starting and ending with the empty
bag. Between consecutive bags, forget vertices that leave before introducing those that enter.
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Process each edge occurrence once, at a bag containing both endpoints, by repeating that bag.
This gives a sequence of introduction, forgetting, and edge-processing steps without increasing
the bag size.
For each bag, create a layer with one vertex for every assignment of its left and right vertices to

the left and right copies of [n], respectively. Connect consecutive layers according to the step:

¢ To introduce a vertex, connect each assignment to all its extensions, with edge label 1.

¢ To forget a vertex, connect each assignment to its restriction, with edge label 1.

¢ To process an edge ab, connect each assignment & to its copy in the next layer, with edge

label xh(a),h(b).

The empty endpoint bags give a unique source and sink. Each path chooses one image for every
pattern vertex. An image is retained until that vertex is forgotten, after all its incident edges have
been processed. Thus paths correspond bijectively to the maps defining homr ,, with the same
products of edge labels. This also accounts for isolated vertices and parallel edge occurrences.
Denote this ABP by Gr.

Claim 6.5a. The ABP Gr is matrix-symmetric and has orbit size at most n**1.

Proof of Claim. Applying (o, T) € ', to the left and right images, respectively, gives an extending
automorphism. Every extending automorphism preserves layers, since the layer number is the
directed distance from the source. Each layer contains at most 71 vertices, so every vertex orbit
has at most this size. 4

If f, = 0, use a single edge labelled 0. Otherwise, to combine the summands without enlarging
the orbit bound, give their ABPs different path lengths. For each term crhomr,, add an initial
edge labelled cr and a final edge labelled 1. Pad with edges labelled 1 until the branches have
distinct source-to-sink path lengths, then identify their sources and sinks. The resulting path sum
is fy. Every extending automorphism preserves path lengths, hence each branch and its layers.
The orbit bound remains n¥*1, proving (f,) € symVBP. O

7. Symmetric VNP

We introduce symVNP, the analogue of VNP for symmetric algebraic circuits.

As in the previous section, we state the definitions and results for square matrices &, under
I'y, with all symmetric classes understood for one-parameter families. The results also hold for
rectangular matrices.

Definition 7.1. The class symVNP consists of all families of polynomials (f,) € K[X}] for which
there exist a p-bounded function g: IN — IN, a family of polynomials (g,) over variables X, U ),
where |Y,| = q(n), and a group homomorphism p,: I'; — Sym(},) such that:

fn(Xn) = Z gn( X e),

ec{0,1}9()

the family (g,) is computed by a circuit family (C,) of polynomially bounded orbit size, and for
every 7 € I'y, the permutation on X, U ), defined by applying 7 to &}, and p,(77) to ), extends
to a circuit automorphism ¢ of the circuit C, computing g,,. Orbit size is measured with respect to
this joint I';-action.

Unlike the definitions of symVP and the other symmetric complexity classes, this definition does
not require the output polynomials to be matrix-symmetric. Instead, matrix symmetry follows
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from the joint symmetry of the witness and summation over the entire Boolean cube, as the
following observation shows. Following [DPS26a; DPS26b], write &, C K[X),] for the space of
matrix-symmetric polynomials.

Observation 7.2. If (f,,) € symVNP, then f, € &, for every n.

Proof. Fix n and write X = X, Y = Yy, f = fu, § = §n, and p = p,, for a witness in the definition.
Let v € I';. The joint permutation of X U Y extends to a circuit automorphism fixing the unique
output gate. Hence

g(rX,p(7)Y) =g(X,Y).

Since p(7) permutes Y, it induces a bijection on the set of Boolean assignments {0,1}". Reindexing
the sum gives

faX)= ), gtrXe)= )} g(rXpe)= ) gX.e)=f(X).

ec{0,1}Y e'e{01}Y e'e{0,1}Y
Thus f is matrix-symmetric, so f € &,,. O

Later, we will show that the permanent is complete for symVNP under symmetric projections.

7.1. symVNP contains all matrix-symmetric polynomials

By Observation 7.2, every family (f,) € symVNP satisfies f, € &, for all n. We now prove the
converse, showing that symVNP consists precisely of all families of matrix-symmetric polynomials.
We express each f € &, as a linear combination of homomorphism polynomials and encode
the vertex maps using Boolean variables, giving witnesses computed by symmetric formulas of
polynomial orbit size.

Theorem 7.3. Over a field K of characteristic zero, a polynomial family (f,,) belongs to symVNP if and
only if f, € &, for every n. More precisely, every f € &,, can be written as

fX)= Y. s(Xe),

ec{0,1}2"*

where g admits a symmetric formula whose gate orbits have size at most 4n?, under a joint action on X and
the auxiliary variables.

Proof. The forward implication is Observation 7.2. For the converse, fix n and let f € &,. By the
argument of [DPS26a, Lemma 4], f is a finite linear combination of homomorphism polynomials
of patterns with at most n vertices on each side. The argument applies over K since it only
requires division by nonzero integers. If a pattern F has a left and b right vertices, padding it
with isolated vertices to obtain F with # vertices on each side gives hom; , = = n*"~"""homg, by
Observation 2.7 and its right-side analogue. Absorbing these nonzero factors into the coefficients
and denoting the padded patterns again by F, we can therefore write

=) crhomp,(X),
F

with all patterns F on the same bipartition A W B, where |A| = |B| = n.
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Introduce variables y, ; for (a,i) € A x [n] and y;j for (b, j) € B x [n]. Let Y be this common set
of 2n? variables. For each pattern F, put

We(X,Y) = ] (

abeE(F)

Z Zya,i Yb,j Xijj > , (4)

n
i=1j=1

counting edges with multiplicity, and define

]:

VaY) =11 (é%,i) IT Q—=vaiver)|, Vs(Y)=]] [( nlyh,]) 1T Q—=veme)|,

acA 1<i<k<n beB 1<j<l<n

rules out at most one 1
| all zeros

Sr(X,Y) = WE(X,Y) Va(Y) VB(Y).

On Boolean assignments, V4 Vg is 1 precisely when each vertex chooses exactly one image, and
is 0 otherwise: the sum rules out choosing no image, and the pairwise factors rule out choosing
two. Such assignments correspond bijectively to maps h: A — [n], h: B — [n]. On the assignment
encoding h, each edge factor in Wr equals xj,,) 5,()- Hence

Y, sr(Xe)= Y. I *u@pnew) =homp,(X).
ec{0,1}Y h: A—[n] abeE(F)
h: B—n|
Claim 7.3a. Each homp , above is a Boolean-cube sum of a polynomial gr admitting a symmetric
formula with orbit size at most 4n2.

Proof of Claim. The Boolean-sum identity is established above, and |Y| = 2n%. Compute the
displayed expression as a formula, using fresh copies for every occurrence of an internal gate
and sharing only input gates. In Equation (4), every edge occurrence contributes one factor
Yij Ya,iYp,%i . If two edges are parallel, their factors are identical polynomials, but we compute
them with separate copies.

For each copy of the edge factor P =}, ; y,,iyp i ; in Equation (4), compute t~1(tP) instead. This
adds two multiplication gates without changing P. Choose all constants ¢, ¢! distinct and absent
from the original formula. This is possible since K is infinite. Every extending automorphism
fixes these constants. Each has only one parent, so both new gates are fixed. The root of this copy
of P is therefore fixed too. Thus identical copies cannot be exchanged.

Extend (0,7) € T, to Y by

Ya,i— Ya,o(i)r Yvj — Yo, ()
keeping the pattern vertices fixed. Together with its action on X, this permutes the gates computing
Ya,iyp,jxi,j for each fixed ab, and the computations of 1 —y, ;Y4 and 1 —y; jys ¢ for each fixed a and
b. Conversely, every extending automorphism preserves the marked edge-factor copies. Within
each copy, the variable inputs determine the term indices; in the vertex factors they determine the
vertex and the unordered pair of indices. Thus the bounds apply to all extending automorphisms:
the term gates have orbits of size at most 1%, and the pair-indexed gates have orbits of size at most
(3)- Every addition or multiplication combining all these terms stays fixed, since its inputs are
merely permuted. Input gates have orbits of size at most n? or 1, and constants are fixed, so every
gate orbit has size at most 4n2. 4
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Finally, set ¢ = ) r crgr, using the same variables Y in every summand. By linearity,

Z g(X,e) = ;Cphomp,n(X) = f(X)

ec{0,1}Y

Take a separate formula for each gr, sharing only input gates. Compute its contribution as
t;l(tchgF). Choose all constants tp, t;l distinct and absent from these formulas and the coef-
ficients cr. Every extending automorphism fixes these constants and their unique parent gates.
Hence it preserves each summand. Adding one sum gate gives a formula for g. The added
gates are fixed, so every gate orbit still has size at most 4n2. Since |Y| = 2n?, this proves the
theorem. O

7.2. Hypercube sums of symmetric formulas

In classical algebraic complexity, VNP is the class of hypercube sums of VP witnesses. Vali-
ant [Val82] proved that using VF witnesses gives the same class; see also [Biiroo, Theorem 2.13] for
a proof. Malod and Portier [MPo8] gave an alternative proof based on parse trees. The following
corollary shows that the same phenomenon holds for symVNP.

Here X 1,symVP denotes Boolean sums of circuit witnesses satisfying the joint symmetry
and orbit-size conditions in Definition 7.1, with polynomially many auxiliary variables. We use
2o,115ymVF for the same definition with formula witnesses.

Corollary 7.4. Over a field K of characteristic zero, let (f,) € symVNP. There exist a p-bounded function
g: N — IN and polynomials h,, € K[X, UY,], with |Y,| = q(n), such that

A= Y h(Xe).

ec{0,1}n

Each hy, admits a formula symmetric under a joint I',-action on X,, UY, extending the usual row and
column action on X,. These formulas have polynomially bounded gate orbits. In short, we write

symVNP = X 1;symVP = X 1ysymVF.

Proof. The first equality is the definition of symVNP. Since every symmetric formula is a symmetric
circuit, yo13symVF C symVNP. Conversely, let (f,) € symVNP. By Observation 7.2, each
fn belongs to &,. By Theorem 7.3, it has a symmetric formula witness using 2n> Boolean
variables and with gate orbits of size at most 4n2. Thus (f,) € & (0,1ysymVF, proving the reverse
inclusion. O

7.3. Completeness of the permanent under symmetric projections
For an n x n variable matrix X, the permanent polynomial is
n
perm,(X) = ), [T
me€Sym, i=1
Proposition 7.5. The permanent family belongs to symVNP over any field K.
Proof. Ryser’s formula gives

perm, (X) = Z (—1)”’|S‘ﬁ (Z xi,j> .

SC[n] i=1 \jes
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Indeed, expanding the products, the monomial [T; x; ;) for a map h: [n] — [n] has coefficient
Y_55h([n]) (—1)"~I8I, which is 1 if & is surjective and 0 otherwise. The surviving maps are exactly
the permutations.
Introduce Y = {y1,...,y.} and put
n n n
gn(X, Y) = <H(2y] — 1)) I_! < 1xi,]-y]-> .
i= j=

j=1

A Boolean assignment e encodes the set S = {j : ¢; = 1}. On this assignment, [;(2¢; — 1) =
(—1)”7|S‘ and }; x;jej = ) ;cg ;. Hence

perm,(X) = )}, gu(Xe).
ec{0,1}"

The circuit given by this expression is symmetric under the action p,(c,7)(y;) = y(;) on
Y. Together with x;; — x,(;) (), this sends the gate computing x;;y; to the one computing
X (i),o(j)Y(j), the sum for row i to the sum for row o (i), and the computation of 2y; — 1 to that of
2y+(j) — 1. The two products and the output gate are fixed. These maps preserve operations and
wires and extend every (o, T) to a circuit automorphism.

The gates indexed by (i, j) have orbits of size at most 12, those indexed by i or j have orbits of
size at most 711, and all other gates are fixed. Thus g, has polynomial orbit size (indeed, total size
O(n?)) and uses only 1 auxiliary variables. O

We now show that the permanent is also complete for symVNP under symmetric projections.
The construction uses one directed cycle for each monomial and all its relabellings.

Definition 7.6 (Symmetric projection to the permanent). Let I' = I';, act on X = X}, and fix
an action p: I' — Sym(Y) on a finite auxiliary variable set Y. A polynomial & € K[XUY] is a
symmetric projection of the permanent if h = perm , (M) for some A > 1 and an A x A matrix M of
affine linear forms over K in X UY, and every 7 € I' admits permutations «.,, 8, € Sym, such
that

Ma g, =7 Mij (] € [A]).
Here 7 acts on Y by p(+y) and fixes field constants. For a polynomial in K[X], take Y = @.
For polynomial families, we apply this definition to each f,, without any bound on the
dimension A = A(n) of the matrix M. The permanent family is complete for symVNP under

symmetric projections if it belongs to symVNP and every family (f,) € symVNP admits such
projections. The construction below uses only variables and field constants as matrix entries.

Theorem 7.7 (Symmetric completeness of the permanent). Over a field K of characteristic zero, the
permanent family is complete for symVNP under symmetric projections.

Recall that a directed cycle cover is a collection of vertex-disjoint directed cycles covering all
vertices, with loops allowed. The permanent of a weighted adjacency matrix sums the weights of
these covers, where each weight is the product of the selected edge labels.

Proof. By Observation 7.2, it suffices to construct a symmetric projection for each matrix-symmetric
polynomial f € K[X], where X = X),. Put I =T, and write

dr
f=Ycllz;, =zjeX

reR  j=1
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We encode the average of the polynomials y(f) using the standard correspondence between paths
and cycle covers [MVg7, Section 6.2].

Start with a vertex v. For each r € R and <y € I, add a directed cycle C, , through v, with edge
labels c
ﬁ, 1) v(20g,), 1

These cycles share only v. Keep separate copies for all v € I, even when their monomials agree,
so that group multiplication can permute the copies. Add a loop of weight 1 at every vertex
other than v, and let M be the weighted adjacency matrix, with absent edges represented by 0. A
constant monomial gives a two-cycle; for f = 0, take the 1 x 1 zero matrix.

Every cycle cover selects exactly one cycle C, , through v and uses loops at all remaining vertices.
Summing their weights gives

perm(M) = Z mH’Y(zr,j) = T 2 v(f) = £,

yel'reR j=1

where the last equality holds because f is matrix-symmetric.

For 6 € T, let 55 fix v and send each other vertex of C;, to the vertex in the same position on
Cy s, counting from v along the cycle. An edge labelled y(z, ) is then sent to one labelled d7(z, ),
its image under 4. Constant labels and the added loops are preserved. Thus

M =5 M.

15 () 5 (w)

Taking a5 = Bs = 175 in Definition 7.6 proves that f is a symmetric projection of the permanent.
Applying the construction for every n and using the permanent’s membership in symVNP from
Proposition 7.5 proves completeness. O
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A. Reduced circuits and supports

We prove Lemmas 2.3 and 2.4 and Theorem 2.6. For a gate g, write M(g) for the multiset of
its children and m(g, h) for the multiplicity of the wire from / to g. The height of a gate is the
maximal number of wires on a path from it to an input gate.

Lemma 2.3. Every reduced matrix-symmetric circuit is rigid.

Proof. Let C be a I',-symmetric reduced circuit. Two automorphisms extending the same element
of I, differ by an automorphism p of C that fixes all input gates, since input labels are distinct.
By induction on the height, p fixes every gate g: the gate p(g) has the same label as ¢ and the
multiset of children p(M(g)) = M(g), so p(g) = g since C is reduced. Thus, p is the identity
automorphism, and hence, there do not exist two distinct automorphisms of C that extend the
same element of T',,. O

Lemma 2.4 (Rigidification). For every matrix-symmetric circuit C, there is a reduced matrix-symmetric
circuit C' computing the same polynomial whose size, depth, and orbit size are at most those of C.

Proof. We define an equivalence relation = on the gates of C by induction on the height. Input
gates are equivalent if they have the same label. Internal gates ¢ and ¢’ are equivalent if they
have the same height and label and m(g, c) := Y. m(g,h) = m(g’,c) for every class c of gates of
smaller height. Let C’ have as gates the classes from which the class [out] of the output gate can
be reached, where [g] carries the label of ¢ and has a wire of multiplicity m(g,c) from every class
c. By induction on the height, all gates in a class compute the same polynomial that is computed
by the class in C'. The circuit C’ is reduced since classes with the same label and the same children
have the same height in C and are collapsed into a single gate in C’. Moreover, C’' has at most as
many gates and wires as C, and the same depth.

Every automorphism ¢ of C preserves heights, labels, and multiplicities, and thus maps classes
to classes. It induces an automorphism ¢’ of C’, which acts on the input labels as ¢ does. Hence,
C’ is matrix-symmetric. Since C’ is rigid by Lemma 2.3, ¢’ is the unique extension of the element
of T, extended by ¢. Hence, the map ¢ + [¢] maps every Autr(C)-orbit onto an orbit of C’, and
every orbit of C’ arises this way. So the orbit size does not increase. O

The only group-theoretic machinery that we are going to need is a classical result on subgroups
of small index. Write Alti;) < Sym ) < Sym,, for the pointwise stabilisers of T C [n] in the
alternating and the symmetric group.

Theorem A.1 (cf. [DMg6, Theorem 5.2B]). Let n > 9and 1 <r < n/2. If H < Sym, has index less
than min{%(tni;zj)' (7)}, then Alt(r) < H for some T C [n] with |T| <.

Proof. By [DMg6, Theorem 5.2B], since n > 5 and the index of H is less than (7), one of the

following holds: (i) Altir) < H for some T C [n] with |T| < r; (ii) n = 2m is even and H has index

%( -); or (iii) one of six exceptional cases with n < 8 holds. Case (ii) is excluded by the bound on

the index, and case (iii) by n > 9. O

Recall the definition of x¢ (1) from Section 2.3:

Kf(n) = min{r eN: (7) > f(n)} : (5)

Theorem 2.6 (Support theorem). Let f: IN — IN. Let n > 20 such that 3x¢(n) < n + 2. Then every
gate of a reduced matrix-symmetric circuit of orbit size < f(n) has a minimal support of size < x¢(n) — 1.
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Proof. Write x := xs(n), and let C be a reduced matrix-symmetric circuit of orbit size at most f ().
Note that f(n) < %(Ln’}zJ) and xk < n/2asn > 20 and 3x < n + 2. If C contains no variable, then
all gates are fixed by I'; and have support @. Otherwise, an input gate x; ; has orbit size n*> < f(n),
so Kk > 2.

By induction on the height, we construct supports S, with |(S¢)1|, [(Sg)r| < x — 1. For input
gates x;;, let S, := {i} W {j}, and for constants, let S, := @. Let ¢ be an internal gate and H :=
{m € Sym,, | (77,id) € Stab(g)}. Then [Sym,, : H] < [T, : Stab(g)] < f(n) < min{%(tni;zj)/(@}-
By Theorem A.1 for r := x, there is T C [n] with [T.| < x —1and A := Alt(y,) x {id} < Stab(g).

We show that Sym ;) x{id} < Stab(g) using that C is reduced. Let  be a child of g.
Since |[n] \ (TL U (Sp)L)| > n—2x+2 > 2, there is a transposition T of two points outside
Ty U (Sp)r- Then (7,id) € Stab®(S,) < Stab(h). As Sym ;) x{id} = AU A(7,id), for every
o € Symy,) x{id} there is « € A such that ch = ah. Since « fixes g, it follows that m(g,ch) =
m(g,ah) = m(g,h). Hence, c(M(g)) = M(g), so cg and g have the same label and the same
children. Since C is reduced, cg = g.

Analogously, there is Tg C [n] with |Tr| < x —1 and {id} x Sym ) < Stab(g). Hence,
Sg = T W Tg supports g. Since k — 1 < 1/2, the minimal support sup(g) C S, exists.

Write k; := |sup, (g)| and kg := |supg(g)|, so that k;, kg < x — 1. By equivariance of minimal
supports, the orbit of ¢ maps onto the I',-orbit of (sup, (g),supg(g)). Hence,

() = () () = () () =7 < ()

Suppose that k; + kg > «. Since k; + kg <2k —2 <n—xand () > () forall k <r < n —«, this
is a contradiction. Hence, k;, + kg < x — 1. O

B. Material omitted in Section 3

B.1. Circuits for patterns of bounded forestwidth

We construct circuits for single homomorphism polynomials, following [Bha+25, Lemma 19] and
[DPS26a]. For a linear combination ) ; a; hompr, ,, one applies the construction below to every
F;, multiplies the output gates by the constants «;, adds an output sum gate, and reduces via
Lemma 2.4. The proof of Theorem B.2 applies verbatim, except that the depth grows by one. This
yields the implication from 2 to 1 in Theorem 3.5.

Lemma B.1 (Normalised decompositions). Let A,k > 1 and let F be a multigraph without isolated
vertices with fwa(F) < k — 1. Then there are a tree decomposition (T, ) of F with root ro and a map
rep: E(F) — V(T) with e C B(rep(e)) for every edge e such that

1. B(ro) = @, T has depth at most A, and |B(t)| < k for every node t,

2. for every node t and every v € B(t), there is an edge e incident with v such that rep(e) is t or a
descendant of t,

3. B(c) Z B(t) for every node c # ry with parent t, and
4 V() < V(E) +1.

We say that an edge e is represented at the node rep(e). So the second item asserts that every
vertex in a bag is incident with an edge that is represented at this bag or below it.
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Proof. Take a tree decomposition of F of depth < A with bags of size < k whose root ¢ has
B(ro) = @. Choose rep(e) as any node whose bag contains e, for every edge e, counted with
multiplicity. The first item holds. For the second item, delete v from B(t) whenever it fails. For
every vertex v, the nodes that keep v form an upwards closed subset of the subtree of nodes
whose bag contains v, so they still induce a subtree. This subtree contains rep(e) for every edge e
incident with v, and it is non-empty as v is not isolated. For the third item, as long as B(c) C B(t)
for some node c # ro with parent ¢, attach the children of ¢ to t, represent the edges represented
at c at t instead, and delete c. This preserves the first two items. For the fourth item, map every
node ¢ # rp to some vertex in B(c) \ B(t), where t is the parent of c. This map is injective since c is
the topmost node whose bag contains this vertex. O

Theorem B.2. Let A > 1,k > 2, and n > 2k + 1. Let F be a bipartite multigraph with fwa(F) < k — 1.
Then homr,, is computed by a reduced matrix-symmetric circuit of support size < k, support depth < A,
orbit size < n*, depth < 2A + 1, and size < 5n*(|V(F)| + |E(F)|) + 1.

Proof. Decompositions. 1f F has j isolated vertices and F’ is obtained by deleting them, then
homg,, = n/ homp , by Observation 2.7 and fw, (F') < fw,(F). Hence, we may suppose that F
has no isolated vertices: at the end, we add the constant 7/ as a further child of the output gate,
which is a product gate, so that the depth does not grow. Let A & B be the bipartition of F. Let
(T, B) with root ry and rep be as in Lemma B.1. Write level(t) < A for the distance of a node ¢
from ry, t' > tif ' is a descendant of t or ' = t, and V; := Uy, B(F').

The circuit. A map y: X — [n] W [n] on X C V(F) is admissible if it maps A N X to the left and
BN X to the right copy of [n]. For every node t and admissible v on B(t), and for every node
¢ # ro with parent t and admissible J on (t) N B(c), define gates

Riy= T  %waw IT Serloper  Ses = ) R,
e=aberep~1(t) c child of ¢ 7' 26 admissible on B(c)

where empty products are the constant 1. The output gate is R, ¢. Write P;,, and Qs for the
polynomials computed by R;, and S.s. By induction on T,

Pt,fy = Z H Xh(e) and Qc,§ = Z PC,’y’/

h27 admissible on V; ecE(F),rep(e) =t Y26

where Xj,() = Xp(a)u(p) for e = ab. For the inductive step, note that V. N Vi C B(t) and Ve N B(t) =
B(c) N B(t) for distinct children c,c’ of t, so the extensions of 7 to the sets V, can be chosen
independently. Since V;, = V(F), the output gate computes Py, = homp .

Depth and size. Write d(t) for the depth of the subtree of T rooted at t. By induction, R, has
height < 2d(t) +1 and S s has height < 2d(c) + 2. Since d(rp) < A, the circuit has depth < 2A +1.
For every node ¢, there are at most nlf()l < n¥ gates R, ., each with |rep~!(t)| wires from input
gates and one wire from each child of t. For every node c # ro, there are at most n* gates S,
which receive at most 1) < »n* wires in total. Together with at most n? < nk input gates and
the constants 1 and n/ with one wire, the size is at most

nE (VD) + (E(F)| + [V(T)| = 1) +2([V(T)| = 1) +1) +3
< n* 4|V (F)] + |E(F)| +3) < 5uk([V(E)| + [E(F)]),

using |V(T)| < |V(F)| + 1 by Lemma B.1, n* > 3, and |V(F)| > 2 and |E(F)| > 1.
Symmetry. The group I'; acts on the gates via Ry, — Rj oy, Scs = Scnos, and naturally on
input gates, and it fixes the remaining gates. This preserves labels and wires, so the circuit is
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matrix-symmetric. The orbit of R;, has at most nlBOl < yk elements, as does the orbit of Sc.s0
and input gates have orbits of size < n? < nk. Moreover, 7Py = Pt oy and mQcs = Q705 for
all 7w € T'. Let C be the reduced circuit constructed in Lemma 2.4, and write [g] for the gate of
C corresponding to a gate g. The automorphism of C extending 7t € I', maps [g] to [71g] by the
proof of Lemma 2.4 and since C is rigid. Hence, C has orbit size < n*. By Lemma 2.4, the depth
and size bounds carry over to C.

Supports. We show that sup([R;,]) = y(B(t)) and sup([S.s]) = d(B(t) N B(c)). Let g := [Ry,]
and U := y(B(t)). Every r € Stab®(U) satisfies 7t o v = v and thus fixes g. Since |U| < k < n/2,
the minimal support sup(g) C U exists. Suppose that there is pg € U \ sup(g), say on the left side,
and let v € B(t) with y(v) = po. Since |U| < n, there is a left point p; € U. The transposition
T of pp and p; fixes sup(g) pointwise and thus fixes g, so [Ryro,] = g and TP, = Piroq = Piy.
By Lemma B.1, every monomial of P;, contains a variable in row po, so every monomial of
TP;, contains a variable in row p;. However, mapping all left vertices in V; \ B(t) to po yields a
monomial of P;, with positive coefficient that contains no variable in row p1, a contradiction. The
same argument applies to [S, ], using the second item of Lemma B.1 at c¢. The constants and the
input gates x;; have minimal supports @ and {i} W {j}, respectively. In particular, C has support
size < k.

Support depth. The children of [R;,] are input gates x.,(,) , () for a,b € B(t), constants, and gates
[Smhs s (E)]. Their supports are contained in y(B(t)), so no wire into [R;, ] is support-changing.
Hence, only wires into gates [S. 5] are support-changing. By induction on the height of gates in C,
the support depth of [R;,] is at most A — level(t) and that of [S.s] is at most A — level(c) + 1 for
every representative. Here, we use that all representatives of a gate of C have the same children in
C. Since level(rp) = 0, the circuit C has support depth < A. O

B.2. Homomorphism polynomials from symmetric circuits

We prove the implication from 1 to 2 in Theorem 3.5. We follow the approach of [DPS26a,
Section 4] via homomorphism polynomials of labelled graphs. Since the support size k may grow
with 7 and we keep track of the depth of decompositions, we deviate from [DP’S26a] as follows.
* We use rooted tree decompositions whose root bag consists exactly of the labelled non-
isolated vertices, and isolated vertices occur in no bag. In [DPS26a], the labelled vertices
are only required to lie in a common bag. Our convention makes gluing free in depth and
adding fresh labels free in width. As a consequence, bags have size at most k rather than 2k
as in [DPS26a].
¢ In [DPS26a], labels are summed or multiplied out one at a time. This would cost one level
of depth per label, i.e. up to k levels per gate. We instead eliminate all labels of an orbit of
children at once by a single restricted sum over injective assignments, at the cost of one level
(Lemma B.6).
¢ To that end, products over orbits are expressed via power sums (Lemma B.5), replacing the
orbit-counting argument for products and the induction for restricted products of [DPS26a].
¢ We work with reduced circuits and Theorem 2.6 instead of rigid circuits of polynomial orbit
size, and the depth of the decomposition grows only at support-changing wires (Lemma B.7).

B.2.1. Labelled graphs

Let {,r € N. An ({,r)-labelled graph F = (F,a,b) consists of a bipartite multigraph F with
bipartition AW B and tuples a € A® and b € B" [DPS26a, Definition 4.1]. For v € [n]’ and w € [n]’,
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let
Fy(v,w) = Y I Xi(a
h: AWB—[n]w[n] abeE(F)
h(a)=v, h(b)=w
where 1 maps A to the left and B to the right copy of [n]. For ¢ = r = 0, this is homp,. Write F*
for the graph obtained from F by deleting all isolated vertices and LT (F) for the set of labelled
vertices of F.

For k > 1and A > 0, let TA%(¢,7) denote the class of all (¢,r)-labelled graphs F such that
F* admits a rooted tree decomposition of depth < A with bags of size < k whose root bag is
L*(F). We call such a decomposition root-exact. Let T3 (¢,r) denote the K-linear span of the
maps F,: [n]’ x [n]" — K[X,] for F € TA(¢,r). Clearly, T2%(¢,r) € T3¢, 7). For a set I of
label positions, let 7, *(¢,7) denote the class of all F € T2*(¢,r) such that every vertex in LT (F)
carries a label at a position in I, and let ‘ZA g [ (£,r) denote the span of the corresponding maps. If
¢ +r < k, then taking I to be the set of all p0s1t10ns shows that these restrictions are vacuous.

The gluing F® F' of F,F € T*k(¢,r) is obtained from the disjoint union of F and F’ by
identifying a; with a; and b; with b} for all i and j. Then (F ® F), is the pointwise product of F,
and F), [DPS26a]. Write J for the edgeless graph whose labels lie on distinct vertices, and D" for
the edgeless graph whose labels lie on distinct vertices except that the labels at the positions i # j
on the same side share a vertex. Then J, = 1, and Dj; ( ,w) is 1 if the entries at positions i/ and j
agree and 0 otherwise.

Lemma B.3. Letk > 1,A >0, /,r € N, and F,F' € T2 ({,r).

1. Every edgeless (£, r)-labelled graph is in T"*(¢,r) for every set I of positions.
2. If F,F € 7}A’k(€, r) for a set I of at most k positions, then FO F' € TIA’k(ﬁ,r).

3. Permuting the labels of F on each side, and adding labels on new isolated vertices, yields graphs in

TAKIFF € 7}A’k, then the resulting graphs are in 7'1,A'k, where 1 denotes the new positions of the
labels at the positions in I.

4. Deleting labels from F vyields a graph in T2k,

In particular, for every set I of at most k positions, T (é r) is a K-algebra under pointwise multiplication
with unit J,. This applies to TY* (¢, 1) if £+ 1 < k.

Proof. 1. Use a single node with empty bag. 2. Identify the roots of root-exact decompositions of
F and F’ and apply the quotient map to all bags. Since gluing adds no edges, a vertex of F ® F' is
non-isolated if and only if one of its preimages is, so the new root bag is L™ (F @ F'). Every vertex
in this bag carries a label at a position in I, and distinct vertices carry distinct labels, so the root
bag has size at most |I| < k. The other bags do not grow. Unlabelled vertices occur in one of the
two subtrees only, and the occurrences of a labelled non-isolated vertex are connected via the
common root. 3. The decomposition remains valid. 4. Add a new root above the old one whose
bag consists of the remaining labelled non-isolated vertices, a subset of the old root bag. O

Lemma B.4. Let k, A > 1. An unlabelled graph F is in T**(0,0) if, and only if, fwa(F) < k — 1.

Proof. A root-exact decomposition of F* has an empty root bag. Attaching a child with bag {v}
to the root for every isolated vertex v yields a decomposition witnessing fw (F) < k — 1, since
A > 1. Conversely, deleting the isolated vertices from all bags of such a decomposition yields a
root-exact decomposition of F. O
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B.2.2. Eliminating many labels at once

Let £,¢',r,r' € N. For v € [n]* and w € [n]", let Y (v, w) denote the set of pairs (y,z) € [n]" x [n]"
of injective tuples such that y avoids the entries of v and z avoids the entries of w. For a map ¢
on [n]‘*t¢ x [n]"*", define the restricted sum

ZFo)vw)= ) ooy wz).
(y,2)€Y(v,w)
The following expression of a product in terms of power sums is a consequence of Newton's
identities.

Lemma B.5 (Products from power sums). Let R be a commutative Q-algebra, N > 1, y1,...,yn € R,
and py = YN 1 y". Then

N
[Tvi= gg Zreo [T o where () =TI 1)!

Pern Pern
and 7t ranges over all partitions of [N].
Proof. For a partition 7, let g(7) == Y. ~yN [Li¥n(n(i)) = Ilper pjp, Where 7(i) is the part
containing 7, and let f(7r) be the same sum restricted to injective &. Then g(7) = Y ,~, f(0),
where ¢ ranges over coarsenings of 7t. By Mdobius inversion on the partition lattice, N!T]; y; =

f(0) = Lo u(0)g(o)- O
The following lemma eliminates the last ¢’ left and 7’ right labels at once.

Lemma B.6. Let k,c > 1and A > 0 with £ +r < k, let I be a set of at most k positions, and let
@ € TR 0,7 +1'). There are Py, pr1 € To V5 (4, r) with the following property. Let v € [n)’ and
w € [ ] be injective, and let P be a partition of Y (v, w) into classes each of size exactly c such that
(y,z) — @(vy, wz) is constant on every class P € P. For P € P, write gp = ¢(vy, wz) for any
(y,z) € P. Then

Ppr(o,w) =Y ¢p and yPpu(v,w) =[] ¢p.

PeP PeP

Proof. Let  be the pointwise product of the maps J, — D}/ over all pairs of distinct positions
i,j on the same side of which at least one is among the last ¢’ left or #’ right positions. By
Lemma B.3, § € TOk(E + 0, r+71"), and é(vy, wz) is the indicator of (y,z) € Y (v, w). For every
¢ € TV 4, r+7'), the map £#¢' is obtained from § ® ¢’ by deleting the last ¢ left and #’
right labels so X7 ¢’ € TLV5 (4, 1) by Lemma B.3.

Let ¢y := 157 ¢. Under the assumptions of the lemma, 5 (v, w) = 1 ¢ Liy)ey(ow) 90y, wz) =
Y pep ¢p. For injective v and w, the size of Y (v, w) depends only onn, £, ¢, r,and ¥'. If
c does not divide it, then no partition P as above exists and we let ¢ := 0. Otherwise,
let N == |Y(v,w)|/c, let Qu = %Z*((p@m) for m > 1, and let ¢ = ﬁzny(ﬂ) Oser Qjp)r
where 7 ranges over all partitions of [N]. Since ¢“™ € ‘Zﬁf(ﬂ + 0, r+7")and £ +r < k, we
have ¢ € Tk, r) by Lemma B.3. Under the assumptions of the lemma, |P| = N and

Qu(v,w) = %Z(y,Z)GY(v,w) ¢(vy, wz)" = Y pcp ¢} for all m > 1. That is, Qu (v, w) is the m-th
power sum p,, of the N elements ¢p for P € P of K[X}]. Since pointwise products are evaluated
pointwise, Lemma B.5 applied to these elements yields

(o,) = 1 Yn(m) TT Qi) = 3 Zew) [T pim = [T ov a

Bem Berm peP
We stress that the costs in Lemma B.6 depend neither on ¢’ and ' nor on k.
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B.2.3. Induction on the circuit

Let C be a reduced matrix-symmetric circuit with support size k < n/2, so that every gate g has a
minimal support. Fix an ordering stip(g) = (stp, (g),stpx(g)) of sup(g) for every gate g, and
write sc(g) for the maximal number of support-changing wires on a path from g to an input gate.

For v € T';;, we have p,, = vp, and sup(yg) = v sup(g).

Lemma B.7. For every gate g of C, there is ¢g € gflc(g),k(’

Pg(stip(g)).

Proof. Input gates. The gate x;; has minimal support {i} & {j}, and k > 2. Let ¢ be the map of the
(1,1)-labelled single edge, whose root bag is the edge. A constant ¢ has empty support, and we
let ¢ :==c]J,,.

Internal gates. Let g be internal, u = sup(g), and G = Stab®(sup(g)) < Stab(g). Then G
permutes the children of ¢ and preserves wire multiplicities. Let O be a G-orbit of children of g, let
mo be the common multiplicity of the wires from O to g, and let i € O. Let N := sup(h) \ sup(g),

ordered as in stp (/). By Lemma B.3, there is ¢, € Ticyl)’k, where [ is the set of the |sup(h)| < k
positions of the elements of sup(h), with label positic;ns for u followed by positions for N such
that ¢, (1, y) = ¢, (stip(h)[N — y]) for all tuples y, obtained by permuting the labels of ¢;, and
adding labels for sup(g) \ sup(h) on isolated vertices. Here and below, we suppress the split of
the label positions into left and right ones.

Let Y, == Y (u) be the set of injective tuples y for the positions of N that avoid sup(g) on each
side. Since G acts as the full symmetric group on the complement of sup(g) on each side, it
acts transitively on Y,. For y € Y}, choose v € G mapping N to y and let h, := h. This does
not depend on the choice of v, since two choices differ by an element of Stab®(sup(g) UN) <
Stab*(sup(h)) < Stab(h). The map y — h,, is G-equivariant and onto O, so all its fibres have the
same size c. Moreover, p;, = ypn = @p(ystp(h)) = ¥n(uw, y).

If N = @, then O = {h} since G < Stab®(sup(h)), and we let yQ = T = o, € ch(g)’k.
Otherwise, the wires from O to g are support-changing, so sc(g) > sc(h) + 1. By Lemma B.6,

applied to ¢, with the fibres of y — &, as classes, there are 2 and ¢ in Z,lfsc(h)’k - Sic(g)’k such

that
Yu) =Y py and ¢a(u) =[] pu

heO heo

sup; (g)], | supg(g)|) such that py =

If ¢ is a sum gate, let ¢o := Yo moy§. If ¢ is a product gate, let ¢, be the pointwise product of
the maps (¢)“"0. Then ¢, € grele)k by Lemma B.3, since |sup(g)| < k, and ¢q(u) = py. O

Theorem B.8. Let A > 1,k > 2, and n > 2k + 1. If p is computed by a reduced matrix-symmetric circuit
of support size < k and support depth < A, then p is a linear combination of homomorphism polynomials
homp ,, for patterns F with fwa(F) < k —1.

Proof. Since k < n/2, Lemma B.7 applies. The output gate is fixed by I';,, so its minimal support
is empty. Hence, p € ‘Iﬁ’k (0,0), and the claim follows from Lemma B.4. O

B.3. Combinatorics of bounded-depth tree decompositions

In this section, we introduce a dual notion to A-forestwidth certifying that a graph has high
A-forestwidth. We then show that this notion is reflected by weak oddomorphisms. These are
graph homomorphisms with certain parity constraints introduced by Roberson [Rob26] arising
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in the analysis of CFI graphs. We use such graphs in Theorem 3.7, the main tool for proving
symmetric lower bounds on homomorphism polynomials.

B.3.1. Richness
We introduce a dual definition to A-forestwidth following [Bha+25, Lemma 18].

Definition B.9. Let k > 1. A graph F is (1,k)-rich if some connected component of F has at
least k + 1 vertices. For A > 2, a connected graph F is (A, k)-rich if it contains k 4+ 1 pairwise
vertex-disjoint connected subgraphs each of which is (A — 1,k)-rich. A disconnected graph is
(A, k)-rich if it has a (A, k)-rich connected component.

Lemma B.10. Let A,k > 1. If a graph F is (A, k)-rich, then fwa(F) > k.

Proof. The proof essentially follows [Bha+25, Lemma 18]. It suffices to treat a rich connected
component, so let F be connected. Suppose that F has a tree decomposition of depth at most A
with empty root bag and all bags of size at most k. As the root bag is empty and F is connected, F
lies in the bags of the subtree (T, r, ) rooted at a single child r of the root, which has depth at
most A — 1. Induction on A. For A =1, T is a single node, so |V (F)| > k + 1 forces a bag of size
at least k + 1.

Let A > 2 and R = B(r), so |R| < k. Among the k + 1 disjoint (A — 1,k)-rich connected
subgraphs Fi, ..., F.11 of F, some F; is disjoint from R. A vertex outside R occurs in the bags
of exactly one child subtree of r, and two adjacent vertices outside R occur in the same one,
because a bag containing both cannot be 5(r). Hence V(F;) lies in the bags of one child subtree T,
and adding a root with an empty bag above (T, ¢, B|r. N V(F;)) yields a tree decomposition of
F; of depth at most A — 1 with empty root bag and bags of size at most k. So fwa_1(F) <k —1,
contradicting the induction hypothesis. O

Let P, denote the m-vertex path.

Example B.11. Let Ak > 1. The path Py q1ya is (A, k)-rich.

Proof. We show by induction on A that every path with at least (k + 1)* vertices is (A, k)-rich. For
A =1, the path is connected and has at least k + 1 vertices. For A > 2, the path is connected and
splits into k + 1 pairwise vertex-disjoint subpaths with at least (k + 1)2~! vertices each, which are
(A — 1, k)-rich by induction. O

Example B.12 ([Bha+25]). Let A,k > 1. The full (k + 1)-ary tree Ta y41 of depth A is (A, k)-rich.

Proof. This follows by induction on A: The tree T x1 is connected and has k + 2 vertices. The tree
Ta41k+1 is connected and the subtrees rooted at the k + 1 children of its root are disjoint copies of
Tak+1- In particular, fwa (T x4+1) > k by Lemma B.10, cf. Example 3.4. O

Lemma B.13. Let A,k > 1. If a connected graph F has a (A, k)-rich minor, then F is (A, k)-rich.

Proof. Let P be a rich minor of F with a model (X5 ),cy(p) of disjoint connected branch sets in F.
We may assume P connected. For A =1, |V(F)| > |V(P)| > k+ 1. For A > 2, let Py,..., P be
disjoint (A — 1, k)-rich connected subgraphs of P; then F; := F[U,cy (p,) Xo] are disjoint connected
subgraphs of F having P; as a minor, hence (A — 1, k)-rich by induction, and F is connected. [

Lemma B.14. Let A,k > 1. Every (A, k)-rich graph F has a (A, k)-rich tree P as a minor with |V (P)| =
(k +1)® and maxdeg(P) < Ak.
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Proof. Induction on A, within a rich component F. For A = 1, any subtree of F with k + 1 vertices
is (1, k)-rich and has maximum degree at most k.

Let A > 2 and let Hy, ..., Hyyq be disjoint (A — 1, k)-rich connected subgraphs of F. By induction,
each H; has a (A — 1,k)-rich tree minor P; with (k + 1)2~! vertices and maximum degree at most
(A — 1)k. The branch sets of models of the P; in the H; are pairwise disjoint connected subsets
of V(F). Since F is connected, we may enlarge them to a partition of V(F) into connected sets
by repeatedly adding an uncovered vertex to a branch set containing one of its neighbours. The
enlarged sets still form models of the P; in F; let Y; be the union of the branch sets of the model
of P;, a connected set. The graph obtained from F by contracting each of Y3, ..., Y1 to a single
vertex is connected, so it has a spanning tree T with k edges. For each edge ij of T, pick an edge
of F between Y; and Yj; it joins the branch set of some vertex of P; to the branch set of some vertex
of P;. Let P be the disjoint union of the P; together with the k edges between the corresponding
vertices. Then P is a minor of F and a tree, since it is obtained from the tree T by replacing every
vertex by a tree. It contains the disjoint (A — 1, k)-rich subtrees P;, so it is (A, k)-rich, and it has
(k+1)- (k+1)21 = (k+ 1) vertices. As T has k + 1 vertices, at most k of the added edges are
incident to vertices of any fixed P;, so the maximum degree of P is at most (A — 1)k +k = Ak. [

B.3.2. Oddomorphisms reflect richness

Definition B.15 ([Rob26]). Let F and G be graphs. Let ¢: F — G be a homomorphism. A
vertex a € V(F) is g-even / ¢-odd if [Np(a) N ¢~!(x)| is even/odd for every x € Ng(¢(a)). The
homomorphism ¢ is an oddomorphism if

1. every vertex a € V(F) is ¢-even or ¢-odd,
2. for every x € V(G), the set ¢~ !(x) contains an odd number of g-odd vertices.

The homomorphism ¢ is a weak oddomorphism if there is a subgraph F’ C F such that ¢|p: F' — G
is an oddomorphism.

Lemma B.16 ([Rob26, Theorem 3.13, Lemma 5.2]). Let ¢: F — G be an oddomorphism.

1. If G is connected, then there exists a connected subgraph F' of F such that ¢|p: F' — G is an
oddomorphism.

2. For every U C V(G), the restriction of ¢ to Flo~'(U)] is an oddomorphism Flo~1(U)] — G[U].

Proof. For the second item, let F; := F[p~'(U)]. For a € ¢ 1(U) and x € U, it holds that
Ng,(a) N ¢~1(x) = Nr(a) N ¢~ (x). Hence, every g-even or ¢-odd vertex of F in ¢~ 1(U) is even
or odd, respectively, for the restriction of ¢ to Fi;. Moreover, the fibres of ¢ over the vertices in U
are unchanged. O

Theorem B.17. Let A,k > 1. Let F — G be a weak oddomorphism. If G is (A, k)-rich, then F is
(A, k)-rich.

The proof is similar to that of [NS26, Theorem 3.6].

Proof. A weak oddomorphism restricts to an oddomorphism from a subgraph of F, and a graph
with a rich subgraph is rich, so it suffices to show: if ¢: F — G is an oddomorphism and
G is (A, k)-rich, then F is (A, k)-rich. We induct on A. Let Gy be a rich component of G. By
Lemma B.16(2) with U = V(Gp) and then Lemma B.16(1), some connected subgraph Fy C F
admits an oddomorphism onto Gy; it suffices to show that F is rich. So we may assume that F
and G are connected.
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For A = 1, every fibre of an oddomorphism is non-empty, so |V(F)| > |V(G)| > k+ 1. For
A >2,1et Gy, ..., Gy be pairwise disjoint (A — 1, k)-rich connected subgraphs of G. For each i, by
Lemma B.16(2) with U = V(G;), the restriction of ¢ to F; := F[¢p~}(V(G;))] is an oddomorphism
onto G[V(G;)], which is connected and (A — 1,k)-rich. By induction F; is (A — 1,k)-rich, so it
contains a (A — 1, k)-rich connected subgraph D;. The D; are pairwise disjoint, since they lie over
disjoint vertex sets, and F is connected. Hence F is (A, k)-rich. O

We collect the facts about (A, k)-rich graphs proven here and thereby verify the hypotheses of
Theorem 3.7.

Corollary B.18. Let A,k > 1. The class F of all graphs that are not (A, k)-rich contains Ky and is closed
under taking minors and weak oddomorphisms.

Proof. Every (A, k)-rich graph has at least k +1 > 2 vertices. Hence, K; € F. If a graph F has
a (A, k)-rich minor, then a rich connected component of this minor is a minor of a connected
component of F, which is (A, k)-rich by Lemma B.13. Hence, F is minor-closed. By Theorem B.17,
F is closed under weak oddomorphismes. O

B.4. Non-uniform descriptive complexity monotonicity
We prove Theorem 3.7.

Theorem 3.7. Let F be a class of simple graphs. Suppose that F contains the 1-vertex graph Ky, that
F is minor-closed, and that F is closed under weak oddomorphism. Let G ¢ F be a connected graph.
Let F be a bipartite multigraph containing G as a minor. Let N > 7(G) == Yoey(q) 24e8¢(®)=1, Then
hompn & Hn(F).

The proof of Theorem 3.7 follows [DPS26a, Theorem 6.1], where a graph F ¢ F is distinguished
from F by means of the CFI graphs of an induced minor of F that does not belong to F. The size of
these CFI graphs is exponential in the maximum degree of the induced minor, which may be much
larger than the maximum degree of the forbidden minor G it contains. We avoid this blow-up
by modifying the CFI graphs such that they can be used for minors which are not necessarily
induced. Furthermore, we work with bipartite graphs with fixed bipartitions throughout, which
renders the dependence of the bound in [DPS26a] on the chromatic number of F obsolete.

B.4.1. CFI graphs for non-induced minors

We recall the CFI graphs of [Rob26], cf. [CFIg2]. For a connected graph G and v € V(G), write
E(v) C E(G) for the set of edges incident to v. For W € Z;/ (©) the graph Gy has vertices (v, T) for
veV(G)and T € Z;E(v) such that Y ocp (o) T(e) = W(v). Two vertices (1, S) and (v, T) are adjacent
if uv € E(G) and S(uv) = T(uv). Up to isomorphism, Gy depends only on },cy(g) W(v) € Z»
[Rob26, Corollary 3.7]. We write Gy and G; for the two resulting graphs. Each of them has y(G)
vertices. The map p: G; = G, (v, T) — v is a homomorphism. For a homomorphism ¢: F — G,
write homy (F, G;) for the number of homomorphisms h: F — G; such that poh = 9.

Lemma B.19 ([Rob26, Theorem 3.6 and proof of Theorem 3.13]). Let G be a connected graph and
¢: F — G be a homomorphism. Then homy(F, Go) > homy(F, Gy) with strict inequality if, and only if,
Y is a weak oddomorphism.
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For i € {0,1}, let G; denote the graph obtained from G; by adding all edges (u,S)(v, T) for
distinct non-adjacent vertices u,v € V(G). That is, the non-edges of G are replaced by complete
bipartite graphs between the respective gadgets. Clearly, G; has y(G) vertices.

Lemma B.20. Let G be a connected graph and F be a graph. Then hom(F, Go) > hom(F, Gy) with strict
inequality if, and only if, there exist a subgraph F' of F with V(F') = V(F) and a weak oddomorphism
¢: F' — G such that ¢(a) # ¢(b) for all ab € E(F).

Proof. Write K for the complete graph on V(G). Since G; has no edges between vertices (v, S) and
(v,T), the map p: G; — K, (v, T) — v is a homomorphism. For a homomorphism ¢: F — K, let
Fy denote the subgraph of F with vertex set V(F) and edge set {ab € E(F) | ¢(a)y(b) € E(G)}.

o~

Then ¢ is a homomorphism F, — G. Let h: V(F) — V(G;) be a map such that poh = ¢. If

ab € E(F) \ E(Fy), then 1(a) and ¢(b) are distinct and non-adjacent in G, so h(a)h(b) € E(G). If

ab € E(Fy), then h(a)h(b) € E(G;) if, and only if, h(a)h(b) € E(G;). Hence, 1 is a homomorphism
F— é,' if, and only if, it is a homomorphism Fy — G;. It follows that

hom(F, G;) = Y homy(Fy, G;). (6)
P: F=K

By Lemma B.19, this implies that hom(F, Go) > hom(F, G1) and that the inequality is strict if, and
only if, there is a homomorphism ¢: F — K such that ¢: F, — G is a weak oddomorphism. If
such a i exists, then F' := Fy and ¢ := ¢ are as desired. Conversely, let F’ and ¢ be as in the
lemma. Then ¢ is a homomorphism F — K and F’ is a subgraph of F,. Since ¢ restricts to an
oddomorphism on a subgraph of F’, the homomorphism ¢: F, — G is a weak oddomorphism. [

Next, we lift Lemma B.20 to bipartite graphs containing G as a minor. For bipartite graphs F
and B with fixed bipartitions, write homy, (F, B) for the number of homomorphisms F — B that
map the left side of F to the left side of B and the right side of F to the right side of B. For a
simple graph H, let B(H) denote the simple bipartite graph with left side V(H) x {0} and right
side V(H) x {1} in which (#,0) and (v,1) are adjacent if u = v or uv € E(H). That is, B(H)
is obtained from the bipartite double cover of H by adding the perfect matching (v,0)(v,1) for
v € V(H). For a graph F, write I'(F) for the set of all partitions R of V(F) such that F[R] is
connected for all R € R. For R € I'(F), the simple graph F/R has vertex set R and two distinct
parts are adjacent if there is an edge of F between them.

Lemma B.21. For every simple bipartite graph F with fixed bipartition and every simple graph H,

homy,,(F,B(H)) = )} hom(F/R,H). (7)
ReI(F)

Note that the graphs F/R and H on the right-hand side of Equation (7) are not necessarily
bipartite and that the right-hand side does not depend on the bipartition of F.

Proof. Write AW A’ for the fixed bipartition of F. Call a map h: V(F) — V(H) admissible if
h(a) = h(a’) or h(a)h(a") € E(H) for all aa’ € E(F). By definition of B(H), the bipartition-
respecting homomorphisms F — B(H) correspond bijectively to the admissible maps h via
a+ (h(a),0) fora € Aand a’ — (h(a'),1) for a’ € A’. It remains to give a bijection between the
admissible maps and the pairs (R, g) of a partition R € I'(F) and a homomorphism g: F/R — H.

Given an admissible map &, let R be the set of vertex sets of the connected components
of the graphs F[h~!(v)] for v € V(H). Then R € T'(F) and h is constant on every part. Let
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g: R — V(H) send a part to the image of its vertices under h. If two distinct parts R,S € R
are adjacent in F/R, then there is an edge rs € E(F) with r € R and s € S. Since r and s are
adjacent and lie in distinct connected components of the fibres of /1, we have h(r) # h(s) and thus
2(R)g(S) = h(r)h(s) € E(H) as h is admissible. Hence, g is a homomorphism F/R — H.
Conversely, given R € I'(F) and a homomorphism g: F/R — H, let h send every vertex in a
part R € R to g(R). This map is admissible: the endpoints of an edge of F lie in the same part
or in two parts that are adjacent in F/R. It remains to observe that the partition constructed
from h as above is R. Every part R € R induces a connected subgraph on which & is constant. If
there is an edge of F between two distinct parts R and S, then g(R) # g(S) since H does not have
loops. Hence, the connected components of the fibres of & are precisely the parts of R. The two
constructions are mutually inverse. O

Lemma B.21 is a variant of the identity

hom(F,H-K) = ) hom(F/R,H) [ | hom(F[R],K) (8)
ReI(F) ReR

of [Sepz24b, Theorem 16] for the lexicographic product H - K of simple graphs H and K, which is
used in [DPS26a] for K a clique whose size is the chromatic number of F. Here, H - K has vertex
set V(H) x V(K) and (u,i) and (v, j) are adjacent if uv € E(H), or u = v and ij € E(K). The
proofs of both identities are analogous. For bipartite F and K = Kj, the factors hom(F[R], K) in
Equation (8) are equal to 2, so the two right-hand sides differ only in the positive weights 2/%|. The
left-hand sides differ as follows: The graph B(H) is the spanning subgraph of H - K, comprising
the edges between V(H) x {0} and V(H) x {1}. While a homomorphism F — H - K, may choose
for every part R € R which side of the bipartition of F[R] is mapped to V(H) x {0}, this choice is
dictated by the fixed bipartition of F for the homomorphisms counted by homy,, (F, B(H)). The
advantage of Lemma B.21 lies in the size of the host graphs: in order to evaluate a homomorphism
polynomial at H - K, one has to pass to its bipartite double cover, which has 2|V (H)| vertices
on either side, whereas B(H) has only |V (H)| vertices on either side. This saves a factor of 2 in
Theorem 3.7.

Lemma B.22. Let C be a minor-closed graph class. Let G be a connected graph such that no graph in C

~

admits a weak oddomorphism to G. Let B; := B(G;) for i € {0,1}. Then

1. By and By are simple bipartite graphs with «y(G) vertices on either side,
2. homy,, (F/, Bo) = homy,, (F’, By) for all bipartite F' € C with any fixed bipartition, and
3. homy, (F, Bo) > homy,, (F, By) for every bipartite graph F with fixed bipartition that contains G

as a minor.

Proof. The first assertion is immediate. By Lemma B.21, for every bipartite graph F’ with fixed
bipartition and i € {0,1},

hombip(F/, BZ) = Z hom(P’/R, éz) (9)
RET(F')

If F' € C, then all subgraphs of all graphs F’/R are minors of F/ and hence in C. By assump-
tion, none of them admits a weak oddomorphism to G. By Lemma B.2o, hom(F'/R, @0) =
hom(F'/R,Gy) for all R. This yields the second assertion.

For the third assertion, first observe that, by Equation (9) and Lemma B.2o0, hombip(l-"’ ,Bo) >
homy, (F/, B;) > 1 for every bipartite graph F’ with fixed bipartition. The second inequality
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holds since, for every vertex x of G;, mapping the left side of F’ to (x,0) and the right side
to (x,1) is a homomorphism. Let F be a bipartite graph with fixed bipartition containing
G as a minor. Since G is connected, it is a minor of a connected component C of F. Since
homy, (F, B;) is the product of the numbers homy, (C’, B;) over all connected components C’ of
F, it suffices to show that hombip(C, By) > hombip(C, B;). To that end, it suffices to argue that
hom(C/R,Gy) > hom(C/R,G;) for some R € I'(C).

Since G is a minor of C, there exist pairwise disjoint sets X, C V(C) for v € V(G) such that
each C[X,] is connected and there is an edge of C between X, and X, for all uv € E(G). Since
C is connected, we may suppose that the X, partition V(C) by repeatedly adding an uncovered
vertex to a set X, containing one of its neighbours. Let R := {X, | v € V(G)} € T'(C). Identifying
X, with v, the graph C/R has vertex set V(G) and its edge set contains E(G). By Lemma B.20,
hom(C/R, Gy) > hom(C/R,Gy). O

In contrast to [DPS26a, Theorem 6.1], the graph C/'R in the last step of the proof is an induced
minor of F which contains G as a spanning subgraph but may have many more edges. These
edges are irrelevant for G; by Lemma B.20. Furthermore, the matching edges (v,0)(v,1) of B(G;)
replace the lexicographic products with cliques and the additional universal vertices of [DPS26a],
whose purpose is to account for contractions and deletions. This is possible since the patterns and
the hosts are bipartite graphs with fixed bipartitions: a connected subgraph of the pattern may be
mapped onto a single matching edge.

B.4.2. Proof of Theorem 3.7

Proof of Theorem 3.7. Since K; € F, the graph G has at least two vertices. Since F is closed under
weak oddomorphisms and G ¢ F, no graph in F admits a weak oddomorphism to G. Let F°
denote the underlying simple graph of F with the bipartition of F. Write F® = F’ + (K; where F’
does not have any isolated vertices and ¢ > 0. Since G is connected and has at least two vertices,
G is a minor of F'.

Let By and B; be the bipartite graphs from Lemma B.22 for C := F and G. Let m := N — ¢(G)
and let B be obtained from B; by adding m isolated vertices on either side, for i € {0,1}. We may
suppose that B) and B} have left side [N] x {0} and right side [N] x {1}.

Claim B.22a. homy,, (F”, By) = homy,, (F”, By) for all bipartite F” € F with any fixed bipartition.

Proof of Claim. Write Cy,...,C, for the connected components of F”. Since F is minor-closed,
Cq,...,C € F. Let ej:==m if C]' is a single vertex and ej =0 otherwise. This is the number of
bipartition-respecting homomorphisms from C; to the 2m additional vertices of B;. By Lemma B.22,

r r

homy,, (F”, By) = [ | (homyip (Cj, Bo) +¢€j) = [ | (homyip (Cj, B1) 4 ¢j) = homyi, (F”, By).

=1 j=1
Claim B.22b. homy,, (F°, B) # homy,, (F°, BY).

Proof of Claim. Since F' does not have isolated vertices, no homomorphism F’ — B! has an isolated
vertex of B/ in its image. Hence, homy, (F°, B}) = N* homy, (F/, B!) = N homy, (F/, B;). Since G
is a minor of F/, the claim follows from Lemma B.22. _I

Let X; € {0,1}N*N denote the bi-adjacency matrix of B/ for i € {0,1}. Since the entries of X;
are 0 or 1, evaluating the homomorphism polynomial of a bipartite multigraph at X; yields the
number of bipartition-respecting homomorphisms from its underlying simple graph to B;. By
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Claim B.22a, the linear map p — p(Xo) — p(X1) vanishes on all generators of $n(F) and hence
on HN(F). By Claim B.22b and since K has characteristic zero, it does not vanish on homr .
Hence, homp n & Hn(F). d

B.5. Separation

We now put the pieces together and prove Theorem 3.1. To that end, we first deduce the following
corollary of Corollary B.18 and Theorem 3.7.

Corollary B.23. Let A > 1 and k > 2. Let G be a connected (A, k)-rich graph and F be a bipartite
multigraph containing G as a minor. Let N > max{y(G),4(k+ 1),20}. Then every matrix-symmetric
circuit of support depth < A computing homp n has orbit size at least (kfl).

Proof. Towards a contradiction, let C be such a circuit of orbit size less than (kfl). Let C’ be the
reduced circuit constructed from C in Lemma 2.4. Since N > 4(k+ 1) > 12, the orbit size of
C’ is at most f = (ki’l) —-1< (kfz)/Z < (LNI\/IZJ)/z and xs(N) < k+1 < N/4. By Theorem 2.6,
maxSup(C’) < k < N/2. Hence, C’ has support depth < A by definition. By Theorem 3.5
for C’, the polynomial homp y is a linear combination of homomorphism polynomials homp y
for patterns F’ with fwa(F') < k— 1. Let F denote the class of all simple graphs that are not
(A, k)-rich. By Lemma B.10, hompy € Hn(F). Since G ¢ F is a connected minor of F and
N > «(G), this contradicts Theorem 3.7, which is applicable by Corollary B.18. O

Theorem 3.1. Let A > 1 and n > 20. Let Ty , denote the full n-ary tree of depth A.

1. Every matrix-symmetric circuit of support depth < A computing homry, , , has orbit size, and hence

size, at least
nlogz n—Alog, log, n—3'

2. There is a matrix-symmetric circuit of support depth A + 1, depth 2A + 3, orbit size < n?, and size
< 1312 computing homr, , .

Proof. For the second assertion, recall that fwa1(Ta,,) = 1 by Example 3.4. By Theorem B.2 for
A +1and k := 2, the polynomial homr, , , admits a matrix-symmetric circuit of support depth
< A +1, orbit size < n?, depth < 2(A+1) +1 = 2A +3, and size < 5n%(|V(Ta )|+ |E(Tan)|) + 1.
Since n > 20, we have |V (Ta,)| = Z]'A:o n < p® < Bynb and |[E(Tau)| = |V(Tan)| — 1. Hence,
the size is at most 512 - %HA +1 < 13n8+2,

For the first assertion, let A > 1 and n > 20. Write L := log,n and /¢ := log, L, and let
k:=|L—(A—=1)/—3].Ifk <2,then L — Al —3 <2 — ¢ < 0since { > 2, and the asserted bound
is trivial. Hence, suppose that k > 2. Thenn >32and k+1 < L < n/4.

Let G := Tp k11, which is a subgraph of Ty ,. By Example B.12, G is (A, k)-rich. The root of G
has degree k + 1, its 2]4:_11(k + 1)/ < 2(k 4 1)2~! other inner vertices have degree k + 2, and its

(k+ 1)? leaves have degree 1. Hence, using k + 1 < 2k
'Y(G) S 2k +2k+2(k+ 1)A71 + (k+ 1>A S 2k+3(k+ 1)A*l S 2L7(A71)IZLA71 S

Let C be a matrix-symmetric circuit of support depth < A computing homr, , ». Since G is a
connected (A, k)-rich subgraph of Ty , and n > max{y(G),4(k+ 1)}, Corollary B.23 for A and k
applies. Hence, the orbit size of C is at least (;}) > (ﬁ)kﬂ. SinceL— (A—1){-3<k+1<1L,

log, (kiJ > (k+1)(L—€) > (L—(A—1)f—3)(L—£) > L(L—Al—3).
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Thus, the orbit size of C is at least nk—4(3, ]

C. Material omitted in Section 4

C.1. Omitted material on reduction to logarithmic depth

Theorem 4.3. Let € > 0. Let (py) be a family of matrix-symmetric polynomials of degree < d(n) computed
by matrix-symmetric circuits of orbit size < s(n) < 2" . Then (p,) is computed by matrix-symmetric
circuits of depth O(logd(n)) and orbit size < max{s(n), n>}3/¢ for all sufficiently large n.

Proof. Let n be sufficiently large, and write p := p,,, d := d(n), s :== max{s(n),n?}, x := xs(n), and
r:= [n'7¢]. Since s > n? > (}), we have x > 3. Since () > (n/r)" > (nf/2)" " > 21" > 5, we
have ¥ < r,i.e. x —1 < n'~t Hence n > 20 and n > 6x — 5. By minimality of x, (n/(x —1))*1 <
(")) <s,and n/(x — 1) > nf yields n**=1) < s, ie. n3 3 < s%¢.

Let C be a matrix-symmetric circuit of orbit size < s computing p. By Lemma 2.4, we may
suppose that C is reduced. Let A > 1 bound its depth, so that C has support depth < A. As
3x < n+2, Theorem 2.6 shows that C has support size < x — 1. By Theorem 3.5 withk :==x—1 > 2,
we have p = Y rar homp, for patterns F with fw,(F) < x — 2. In particular, tw(F) < x — 2. Since
homg , is homogeneous of degree |E(F)|, comparing homogeneous components shows that we
may keep only the patterns with |E(F)| < d. Patterns without edges contribute constants. For the
others, we may delete isolated vertices by Observation 2.7, so that |V (F)| < 2d.

By Theorem 4.2, every such F has a rooted tree decomposition with bags of size < 3(x —1) =
3x — 3 and depth < g = 2[log;,,(4d)]. Adding a root with an empty bag shows fw,,(F) <
3x — 4. By Theorem B.2 with k := 3x — 3, using n > 6x —5 = 2k + 1, homr, is computed by a
reduced matrix-symmetric circuit of depth < 24 + 3 and orbit size < n3~3 < §3/¢, Taking the linear
combination as in Section B.1 increases the depth by one, so the depth is < 27+4 € O(logd). O

Let P, denote the m-vertex path.

Lemma C.1. Let A,k >2,d > 1,and N > max{4(k + 1),20} be such that (k+1)* < min{d, N/2}.

Then every matrix-symmetric circuit of support depth < A computing homp, n has orbit size at least (kfl).

Proof. Let G := Py ). By Example B.11, G is (A, k)-rich. Since G has maximum degree 2,
7(G) < 2(k+1)% < N. The claim follows from Corollary B.23. O

Theorem 4.4. Leta > 1 and d: N — N with 2 < d(n) < n".

1. The polynomials homp,  » have degree < d(n) and are computed by matrix-symmetric circuits of
orbit size < n3 and depth O(logd(n)).

2. For every c, every matrix-symmetric circuit of orbit size < n® computing homp, =, has support
depth, and hence depth, Q) ,(logd(n)).

Proof. Write d := d(n). For the upper bound, decompose P; recursively: a node for a subpath
with endpoints a and b and midpoint m has the bag {a,m,b} and children for the subpaths from
a to m and from m to b, and subpaths with one edge are leaves. Together with a root with an
empty bag, this shows fwjog 41,1(Pz) < 2. By Theorem B.2 with k := 3, the polynomial homp, ,
is computed by a matrix-symmetric circuit of orbit size < n® and depth < 2[log, d] + 3 for n > 7.

For the lower bound, we may suppose that ¢ > 2 is an integer. Let n be sufficiently large, so
that n° < (_};) and n > max{4(c +1),20}, and let A := |log, min{d,n/2}]. If A > 2, then
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Lemma C.1 for k := c shows that the support depth is > A > log, ; min{d,n/2} —1, since
(c+1)» <min{d, n/2}. If A <1, then log,_ ; min{d,n/2} —1 < 1, and the support depth is > 1
since homp, , is not constant. Finally, if d > n/2, then log_ ,(n/2) > log. ,n—12> %logc+1 d—1
as d < n”. O

C.2. Material omitted on bounded pathwidth and logarithmic depth

Letc > 0and let X = {/y,...,lcy1,71,...,7c41} be a set of slots, where the /; are left and the 7; are
right. A bilabelled graph F = (F, «, B) consists of a bipartite multigraph F and maps «, f: £ — V(F),
the in- and out-labels, sending left slots to left and right slots to right vertices. Let L, := [n]* and
N := |L,| = n**V). The homomorphism matrix F, € K[X,]*I is

(Fu)ap = Y. [T e

h: V(F)—[n]y[n] xycE(F)
hoa=a, hoB=b

where I maps left vertices to the left and right vertices to the right copy of [n]. That is, F, is
the map of the (2(c +1),2(c + 1))-labelled graph with labels « and B, cf. Section B.2.1, arranged
as a matrix. Clearly, 1"F,1 = homr, and tr(F,) = homg.,, where F° is obtained from F by
identifying «(s) with B(s) for all s € X.

The series composition F - F' of F = (F,a,B) and F' = (F/,a/, ') is obtained from the disjoint
union of F and F’ by identifying B(s) with a'(s) for all s € X, with in-labels & and out-labels p'.
Then (F - F'), = F,F,, since homomorphisms from F - F’ correspond to pairs of homomorphisms
from F and F’ that agree on the identified vertices, and summing over their common value
b=hop =h oa'is matrix multiplication.

Let I be the edgeless bilabelled graph with vertex set > and « = B = id. The atomic graphs
are the following m := (c +1)? +2(c + 1) bilabelled graphs. For a left slot s and a right slot ¢,
let E;; be I with an edge st added. For a slot s, let R; be I with a new vertex s’ on the side of s
added and B(s) := s'. Then (E;), is the diagonal matrix with entries x,() (1), and (R;), is the
0/1-matrix whose (a, b)-entry is 1 if and only if a4 and b agree outside s. For a word u = uy - - - uy
over the atomic graphs, let F, = (F,, &, By) =1 -uy---uy and F; := (F,)°.

Lemma C.2. Let u be a word of length ¢ over the atomic graphs.

1. (Fy)n = (u1)n - (ug)n, 1T(Fu)n1 = homg, ,, and tr((F,),) = hompg ,.
2. F, and Fy} have at most 2(c + 1) + £ vertices, pw(F,) < 2c + 1, and pw(F;]) < 4c + 3.

3. For every bipartite multigraph F with pw(F) < c, there is a word u such that F, is the disjoint
union of F and 2(c + 1) isolated vertices.

Proof. 1. This follows from the above, as I, is the identity matrix.

2. Every atomic graph R, adds one vertex, and E;; adds none. Fori = 0,...,/, let X; be the
image of the out-labels of F,,...,,;, viewed in F,. A vertex that loses its out-label never regains
it, and the edge added by u; = E,; has both endpoints in X;. Hence, the bags Xy, ..., Xy of
size < 2(c+ 1) form a path decomposition of F,. Since Xy is the image of «, and every vertex
of F; obtained by identification contains a vertex of Xy, adding X, to every bag yields a path
decomposition of F;,.

3. Let By, ..., By be the bags of a path decomposition of F of width < c. The vertices on either
side of F correspond to intervals of [p], at most ¢ + 1 of which overlap in any point. Colour them
greedily with the c¢ 41 slots of their side, so that vertices sharing a bag receive distinct slots.
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Assign every edge of F to a bag containing it. Let u be the concatenation, fori =1, ..., p, of the
atomic graphs E;; for the edges assigned to B;, where s and t are the slots of their endpoints,
followed by the atomic graphs R; for the slots s of the vertices in B; \ B;y1, where B, = @.
Identify the vertices of F with slot s, in the order of their intervals, with the successive vertices
carrying the out-label s: the first with the vertex s of I, and each further one with the vertex added
by the R after the last bag of its predecessor. As intervals with the same slot are disjoint, the
out-label s sits on the vertex of B; with slot s while the atomic graphs for B; are composed, so
every edge of F is added between its endpoints. The vertex carrying the out-label s at the end is
isolated, which gives the 2(c + 1) isolated vertices. O

Lemma C3. Let ¢ > 0, n > 2, k :== 12(c+ 1), and A = 2[(4c + 6)logs ,,n] + 1. For every
bipartite multigraph F with pw(F) < ¢, the polynomial homg ,, is a linear combination of homomorphism
polynomials homp ,, for patterns F' with fwa(F') <k —1.

Proof. By Lemma C.2 and Observation 2.7, homp, = n~2(+D17(F,),1 for some word w. By
Lemma C.2 and Theorem 5.3 applied to the m matrices of the atomic graphs with N = n2(c+1),
the matrix (Fy), is a linear combination of matrices (F,), with |u| < N? whose coefficients
are polynomials in traces tr((F,),) with [o] < N?. By Lemma C.2, 17(F),1 is thus a linear
combination of products homg, , [T;homgs , = homp ,,, where F’ is the disjoint union of F, and

the F;. Each of these components has paichwidth, and hence treewidth, < 4c 4 3 and at most
2(c +1) + N2 vertices, where 2(2(c + 1) + N?) < 3N? < n*6, By Theorem 4.2, each component
has a tree decomposition with bags of size < 12(c + 1) = k and depth < A — 1. Adding a root
with an empty bag above all of them shows that fw, (F') < k —1. O

Theorem 5.2. symVBP C symVAC..

Proof. By Theorems 6.3 and 2.9, every family in symVBP is, for all sufficiently large 7, a linear
combination of homomorphism polynomials for patterns of pathwidth < c for some constant c.
By Lemma C.3, each of them is a linear combination of homomorphism polynomials for patterns F
with fw, (F) < k—1, wherek = 12(c+1) and A = O(clogn). By Theorem 3.5 and Observation 2.5,
these linear combinations are computed by matrix-symmetric circuits of support depth < A and
orbit size < n¥ for all n > 2k + 1. O

C.3. Separations of symVACF and symVP

We prove Theorems 5.5 and 5.7. The idea is to evaluate matrix-symmetric polynomials on
weighted encodings of relational structures that witness the Weisfeiler-Leman iteration number
lower bounds of Grohe, Lichter, and Neuen [GLN25].

C.3.1. Set-up

Let X be a finite set of labels. A X-labelled bipartite graph G consists of disjoint sets A(G) and B(G)
and relations E;(G) C A(G) x B(G) for ¢ € X. We view it as a relational structure with universe
A(G) U B(G), unary relations A and B, and binary relations E,. A homomorphism F — G maps
A(F) to A(G) and B(F) to B(G) and preserves every E;; we write hom(F, G) for their number.
Write C/; for the sentences of first-order logic with counting quantifiers with at most d variables
and quantifier rank at most 7, and C; := U, C/,.

For K,q > 0, let 7;K denote the class of graphs F that admit a rooted tree decomposition (T, )
such that |B(t)| < K for all t € V(T) and the bags along every root-leaf path of T contain at most
g vertices in total [AdI+26]. We first translate between this notion and Definition 3.3.
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Lemma C.4. Let K,A,q > 1, and let F be a graph.

1. Iffwa(F) < K—1,then F € 7'AI§<
2. IfF e 7:7K, then fw,(F) < K —1.

Proof. 1. A decomposition witnessing fw, (F) < K — 1 has an empty root bag and depth < A, so
every root-leaf path meets at most A non-empty bags of size < K.

2. Let (T, B) be as in the definition of 7;K. As long as some node f has a child ¢ with g(c) C B(¢),
contract the edge tc into f, keeping the bag B(t); this preserves the properties of (T, ). If the
root bag is non-empty, add a new root with an empty bag. Now every node f other than the root
has a vertex v; € B(t) that is not in the bag of its parent. Since the nodes whose bags contain
vy form a subtree of T, the vertices v; for the non-root nodes t on a root-leaf path are pairwise
distinct. Hence, every root-leaf path has at most g non-root nodes, i.e. the decomposition has
depth < g. O

We use the following known correspondence.

Theorem C.5 ([DJR21; Adl+26]). Let G and H be X-labelled bipartite graphs and K,q > 1. Then G and
H are Cl-equivalent if and only if hom(F, G) = hom(F, H) for all S-labelled bipartite graphs F € Tr

C.3.2. Translating structures into weighted graphs

We translate the relational structures of [GLN25] to weighted graphs on which we evaluate the
homomorphism matrices. First, we handle edge colours via interpolation. Then, we reduce from
general relational structures to edge-coloured graphs.

Edge colours via interpolation. Let G be a X-labelled bipartite graph such that every pair
(a,b) € A(G) x B(G) lies in at most one relation E,(G), and let N > |A(G)|,|B(G)|. For w € KZ,
let M¥ € KN*N be the matrix whose rows and columns are indexed by A(G) and B(G), padded
by zero rows and columns, with entry w, at (4,b) € E;(G) and 0 at all other positions. Matrix-
symmetric polynomials do not depend on the choice of the indexing. Let F be a bipartite
multigraph with bipartition A W B and without isolated vertices. For a map A: E(F) — %, let F*
be the Z-labelled bipartite graph with A(F*) = A, B(F*) = B, and (a,b) € E,(F") if some edge
e = ab has A(e) = 0. Expanding the definition yields

hompn(Mg) = Y- ( T] wae) hom(F",G). (10)
A: E(F)—%. “ecE(F)

Here, we use that a homomorphism F* — G maps all parallel edges of F to the same pair, which
lies in at most one relation.

Lemma C.6. Let G and H be X-labelled bipartite graphs as above with |A(G)| = |A(H)| and |B(G)| =
|B(H)|, and let N > |A(G)|, |B(G)|. Let L be a X-labelled bipartite graph with hom(L, G) # hom(L, H).
Then there are a bipartite multigraph F whose underlying simple graph is a subgraph of the Gaifman graph
of L, and w € K* such that homp (M%) # homp n(MY).

Proof. Deleting an isolated vertex of L divides both hom(L, G) and hom(L, H) by the same number
|A(G)| or |B(G)|, which is non-zero since hom(L, G) # hom(L, H), so we may suppose that L
has no isolated vertices. Let Fy be the bipartite multigraph with an edge e = ab labelled A(e) := ¢
for every o € ¥ and (a,b) € E;(L), so that L = Fé‘. Let ey,...,es be the edges of Fy, and let
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F be obtained by replacing ¢; by 2"~ parallel edges. By (10), homgy(MY) is a polynomial
in w for D € {G,H}. Labellings of F that are not constant on the parallel copies of some
e; contribute 0, since every pair lies in at most one relation of D. The remaining labellings

i—1
i

correspond to labellings u of F, contribute JT; wi (&) hom(F}, D), and are determined by their

monomial via the binary expansions of the exponents. So the coefficient of []; wii(:) is hom(L, D).

Hence, homp y(MY) — homp y(M¢) is a non-zero polynomial in w, and some w € K* does not
annihilate it. O

Lemma C.7. Let G, H, and N be as in Lemma C.6, and let K,q > 1. If G and H are Cl-equivalent,
then p(MY) = p(M%}) for all w € K> and all linear combinations p of homp y for bipartite multigraphs
FeTkK

q

Proof. Isolated vertices of F contribute the same factor N on both sides by Observation 2.7, and
deleting them preserves membership in 7:7K . For F without isolated vertices and u: E(F) — X,
the Gaifman graph of F¥ is the underlying simple graph of F, so F¥ & '7;K and hom(F¥,G) =
hom(F*, H) by Theorem C.5. The claim follows by (10). O

Incidence graphs. Let ® be a relational structure with universe U over a finite vocabulary T of
arity < m, and let 7; C 7T consist of the relation symbols of arity s. The incidence graph Inc(D) is
the X-labelled bipartite graph with X := {(s,],S) |s € [m], @ # J C [s], S C &}, A(Inc(D)) == U,
and B(Inc(D)) = Usep U°. For u € U and £ € U° with ] := {j € [s] | t; = u} # @, the pair (u,1)
liesin E(; ;) for S:={R e 1 | f € R®}, and in no other relation. Every pair lies in at most one
relation. If 2 and B both have n elements, then the sides of Inc(2() and Inc(B) have the same
sizes n and Y i n° < (n+1)™.

Lemma C.8. Let A and B be structures over a finite vocabulary of arity < m, and let K,q > 1.

1. If Inc(2A) and Inc(*B) are Cil(ill—equivalent, then 2 and B are C'l-equivalent.

2. If and B are C ' -equivalent, then Inc(A) and Inc(B) are Cl-equivalent.

Proof. 1. We translate every C}-sentence into a C?;fl—sentence by relativising every quantifier
32x to A(x) and replacing every atom R(zy,...,zs) by Jy Niels) V(s.1,8)ex, jeg, Res Es,,)(2j,y), for
a fresh variable y. The result has at most K + 1 variables and quantifier rank at most g 4 1, since
only atoms are replaced, and it holds in Inc(®) if and only if the original sentence holds in .

2. We translate every C?(—sentence over Inc(®) into a CZqK—sentence over © via a m-dimensional
interpretation. Every vertex of Inc(®) is represented by a type and a m-tuple over U: a vertex u € U
by the type el and (u,...,u), and a vertex f € U® by the type (s, S), where S := {R € 7; | F € R®},
and the m-tuple obtained from f by repeating its last entry. Distinct vertices of the same type have
distinct representing tuples. For every type 7, there is a quantifier-free formula ) () over T that
holds exactly for the representing tuples of type 7, in both structures. Translate a formula with at
most K variables by assigning to each variable y a block i of m variables and by a case distinction
over the finitely many types of its free variables. Atoms translate into quantifier-free formulas:
A(y) and B(y) become true or false depending on the type of y; y =y’ becomes j = i’ if y and i’
have the same type and false otherwise; and E(, ; 5)(x, y) becomes Ajcjx1 = yj A Ajefs)\j 1 # Y if
x has type el and y has type (s, S), and false otherwise. A quantifier 32"y becomes the disjunction
over all (vz)7 with Y vz = v of the conjunction over all types 7t of 32" (x(¥) A...), where . ..
is the translation for type 7 of y. Counting quantifiers over m-tuples are expressible in counting
logic with the m quantified variables and quantifier rank m. The translation therefore has at most
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mK variables and quantifier rank at most mq, and it holds in ® if and only if the original sentence
holds in Inc(D). O

We transfer pairs of structures to pairs of matrices.

Lemma C.9. Let m,Ky,qo > 1and n,N > 1 with N > (n+ 1)™. Let 2 and B be relational structures
with n elements over a finite vocabulary of arity < m that are not C?fo—equivalent. Then there are matrices

M, M’ € KN*N and a bipartite multigraph F with fwg, 1 (F) < Ko such that
1. homp n(M) # homp (M), and
2. homp ny(M) = homp (M) for every bipartite multigraph F' with fwa(F') < K —1 for some
K, A > 1 such that A and B are C"KA-equivalent.

Proof. By Lemma C.8 (contrapositively), Inc() and Inc(8) are not C?foill—equivalent. By The-
orem C.5, some X-labelled bipartite graph L € ’Gﬁjl satisfies hom(L, Inc(21)) # hom(L, Inc(8)).

Let F and w be as in Lemma C.6 for L and N, and let M = Mﬁ]\c(m) and M’ := Mﬁ’m(%). Then item 1
holds. Since 7;;%1 is closed under subgraphs, F € 7;15?:{1, so fwy,11(F) < Ko by Lemma C.4.

For item 2, let F’ be a bipartite multigraph and K, A > 1 such that fw,(F') < K—1 and 2 and
B are C"KA-equivalent. Then F' € TX by Lemma C.4. By Lemma C.8, Inc(2) and Inc(*B) are
CKA_equivalent. By Lemma C.7, homp n(M) = homp n(M'). O

C.3.3. The separation

By [CFlg92, Theorem 5.2], two d-tuples receive the same colour after » rounds of 4-WL if, and only
if, they satisfy the same C}; ;-formulas. Hence, if d-WL does not distinguish two structures after r
rounds, then they are C];;-equivalent. If k-WL distinguishes two structures, then they are not
Crr1-equivalent, since counting the tuples of a given colour requires only k further quantifiers.

L]

Thus, the structures of Theorem 5.6 are not Cy1-equivalent but C;_ ,

following stronger version of Theorem 5.5.

-equivalent. We show the

Theorem C.10. There are 17,0 > 0, an infinite set N' C N, and a family (pn) € symVP such that the
following holds. For every sufficiently large N € N/, every matrix-symmetric circuit of orbit size < 2N’
computing pn has support depth > N°. In particular, (py) ¢ symVAC.

Proof. Let k := ko, «, and ¢ be as in Theorem 5.6, and let 77 := min{e, 1/(8k)}/3 and 6 := /3. For
n > ak', let d(n) = | (n/(ak®))/8| >k, let A, and B, be as in Theorem 5.6 for d(n), k, and n,
and let N(n) == (n+1)*. Let N := {N(n) | n > ak™}. For N = N(n) € N, let My, M}, and Fy
be as in Lemma C.g for m := k, Ko := k + 1, and some ¢, and let py := homgp, n. For N ¢ N, let
pn = 0.

Upper bound. By Lemma C.9, fw, 1(Fy) < k+ 1. By Theorem B.2, py is computed by
matrix-symmetric circuits of orbit size < NK+2 for N > 2k +5. Hence, (py) € symVP.

Lower bound. Let N = N(n) € N be sufficiently large, and let C be a matrix-symmetric circuit of
orbit size < f := 2N" and support depth < A computing py, where A > 1. By Lemma 2.4, we may
suppose that C is reduced. Let x := xs(N). As f < (LNZ\/IZJ)' we have x < N/2,s0 21 < (K]jl) <f
by minimality of x. Hence x —1 < N, and in particular 3k < N + 2. Let K := max{x — 1,2} < N.
By Theorems 3.5 and 2.6, py is a linear combination of homp y for bipartite multigraphs F with
fwa(F) < K—1. Since n+1 = N'* and < 1/(8k), we have kK < kN < d(n). If kKA < |n*],
then 2(,, and B,, are C’,ﬁﬁA-equivalent, and Lemma C.9g yields pn(My) = pn(M)y), contradicting
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homp, n(My) # hompg, n(M}). Hence, A > [n|/(kK) > (NVk—1)%/(2kN") > NY, as
17+ 0 < e. Applying this to A := max{A’,1}, where A’ is the support depth of C, yields A’ > NY.
Since every family in symVAC is computed by circuits of polynomial orbit size and polylogarithmic
support depth, (pn) ¢ symVAC. O

Theorem 5.5 follows from Theorem C.10.
For Theorem 5.7, we use a version of Theorem 5.6 with a tunable number of rounds, at the price
of constantly many variables.

Lemma C.11 (cf. [GLN25, Lemmas 5.1, 5.2, and 5.15]). There are constants ly > 3 and ¢ > 1 such
that for all h > £y and r > 1 there are relational structures 2 and B with the same number n < 2¢h%r of

elements over a finite vocabulary of arity < g that are C}-equivalent but not CZ’r—equivalent.

Proof. The round bound is not stated in [GLN25], so we inspect the construction in the proof of
[GLN25, Lemma 5.2]. Let Ry > 9 be the constant of [GLN25, Corollary 5.12], let £y := Ro + 1, and
let § be the constant of [GL.N25, Lemma 5.2]. Leth > ¢y and r > 1, and let A :=2(h+1)(r + 1).
For ly; := h, the proof of [GLN25, Lemma 5.2] constructs a layered graph Z = (V, W, E) with layers
Vo,...,Va and Wy, ..., W, such that, for all i € [A], the graph Z[V; U W] is a perfect matching,
every w € W; has ¢y neighbours, and these lie in V;_; U V. It considers the set of XOR-constraints

C = {(Nz(w),0) |w e W}U{({},0) | v € Vo} U{({va}, 1)}

of arity < /¢y for some vy € Vj, and shows that |V| < oh%r and that Falsifier does not win
the r-round h-pebble game on C. Let A := A(C) and B := B(C) be the structures of [GLN25,
Section 5.1]. They have 2|V| < 26h?r elements and arity < ¢, and they are C}-equivalent by
[GLN25, Lemma 5.1].

We count the rounds of the strategy of Falsifier in the /o-pebble game from the proof of [GLN25,
Lemma 5.15]. In the first round, Falsifier pebbles v,. If Verifier answers 0, then ({va},1) is
violated. Otherwise, suppose that the current position assigns 1 to some v; € V; with i > 1, and
let w; € W; be the matching partner of v;. Then Nz (w;) N V; = {v;}. Falsifier keeps the pebbles on
the current pebbled vertices in Nz(w;), including v;, and pebbles the remaining vertices of Nz (w;)
one per round. This takes at most ¢y — 1 rounds and at most ¢y pebbles. Unless (Nz(w;),0) is
violated, some v;_1 € Nz(w;) N V;_1 is assigned 1. Once some vy € V} is assigned 1, the constraint
({vo},0) is violated. Hence, Falsifier wins within 1 + A(¢p — 1) < 1+ 8(¢y — 1)hr < 8{phr rounds,
using (h+1)(r +1) < 4hr. By [GLN25, Lemma 5.1], 20 and B are not C%Ohr—equivalent. The claim
follows with ¢ := max{J,8¢}. O

Proof of Theorem 5.7. Let £y and ¢ be as in Lemma C.11, let k > 1, and write log = log,. For N > 2,
let h(N) := |/log N| and r(N) := h(N)[log" N]. Let Ny > 2/, + 3 be such that 1(N) > ¢, and
(2¢h(N)?r(N) +1)% < N for all N > Np; it exists since the left-hand side is polylogarithmic in N.
For N > Ny, write h := h(N) and r := r(N), let 2 and By be as in Lemma C.11 for & and r, and
let My, M}, and Fy be as in Lemma C.g for m := £y, Ko := {p, and qo := Chr.

The family. Let py := homp, y for N > Ny and py := 0 otherwise. By Lemma C.9, fwg,1(Fn) <
{o. By Theorem B.2, py is computed by a matrix-symmetric circuit of orbit size < N%*! and
support depth < ¢hr +1 = &h2[log" N +1 < 3¢log"™' N. Hence, (py) € symVACKH!,

The lower bound. Suppose that (py) € symVACK, witnessed by a constant ¢ > 1. Let N
be sufficiently large, and let C be a matrix-symmetric circuit of orbit size < f = N and
support depth < A = [c logk N] computing py. By Lemma 2.4, we may suppose that C is

reduced. Let x := x¢(N). Since (MNH) > N¢ we have x < c+ 1 and hence 3x < N + 2.
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Let K := max{x — 1,2} < c+ 1. By Theorems 3.5 and 2.6, py is a linear combination of
homp y for bipartite multigraphs F with fwa(F) < K —1. Since h — oo, we have /K < h and

LKA < lo(c+1)%[log" N < r. Hence, 2y and By are ngﬁA—equivalent, and Lemma C.g yields
pn(My) = pn(MY), contradicting homp,, y(My) # homp, x(M},). Hence, (pn) & symVACF. O

Remark C.12. Without inspecting the proofs of [GLN25], a weaker hierarchy follows from The-
orem 5.6 and [GLN25, Theorem 1.1]: with ko and ¢ as in Theorem 5.6, symVAC/ C symVACL/¢/+ko
for every j > 1. In particular, the hierarchy (symVAC/) j does not collapse.

Indeed, let k := ko and g = [j/(ek)| + 1, so that gek > j and gk < j/e + k. For large N, let
n:= |log® N| and d := | (n/(ak®))1/8], and let 2y and By be as in Theorem 5.6 for d, k, and 7.
By [GLN25, Theorem 1.1], k-WL stabilises on 2y and By after O(kn*~!logn) rounds. Hence,
k-WL distinguishes them after this many rounds, and they are not CZil—equivalent for go = n*
by [GLN25, Corollary 2.2], for large N. Let My, M}, and Fy be as in Lemma C.g for m := k,
Ko :=k +1, and qo, and let py := homp, n. As in the proof of Theorem 5.7, Theorem B.2 yields
circuits of orbit size < N**2 and support depth < n* +1 = O(log®* N), so (py) € symVACE-,
Conversely, for circuits of orbit size < N¢ and support depth < [clog/ N1, the argument of the

lower bound in the proof of Theorem 5.7 applies, since 2y and By are CgfiJ -equivalent, d — oo,

and n%* = O(log®* N) with gek > j. Hence, (py) ¢ symVAC.
The gap between j and |j/¢| + ko arises since the upper bound of [GLN25, Theorem 1.1] on the
number of rounds is polynomially larger than the lower bound n%. Lemma C.11 closes this gap.
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