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MOTIVATION & BACKGROUND



SPARSE POLYNOMIALS

(Xd—l) = (X—l)~(l+X+---+Xd_l)



SPARSE POLYNOMIALS

Consider the following factorisation from univariate to multivariate:
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Count sparsity (number of monomials): f has 2" monomials, while g has d” monomials.



SPARSE POLYNOMIALS

Consider the following factorisation from univariate to multivariate:
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(x,-d—l) = H(xi—l)-H(l+x,~+~--+x,-d_1)
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Count sparsity (number of monomials): f has 2" monomials, while g has d” monomials.
Sparse polynomials are not closed under factoring.

Question: Where else is the set of polynomials not closed under factoring? How to study
polynomials? = Computational models.



ALGEBRAIC CIRCUITS

An algebraic circuit computes polynomials in a very
natural way (using + and x gates).

size(f) = size of smallest circuit computing f.

Introduced by Valiant (1977). It defines algebraic
complexity classes:
VP: Polynomials with both degree and size bounded
by poly(n).
VNP: Class containing VP. Also called Explicit
polynomials.



ALGEBRAIC CIRCUIT CLASSES

VP VNP

n n
Det(X) = 3 sgn(o) [ [ X Perm(X) = > [ 100
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Det has a poly(n)-size circuit.
Valiant’s conjecture: Permis notin VP.



COMPLEXITY OF MULTIVARIATE FACTORING

The polynomial ring F[x1,. .., xn] is a unique factorisation domain.

where f; are irreducible.
Suppose f is in some algebraic complexity class C. Are the factors f; € ©?
If all factors f; are in C, we say that € is closed under factoring.

Theorem (Kaltofen [Kal85])
VP is closed under factoring over large characteristic fields.

There is a randomized poly (size(f), deg(f))-time algorithm to compute all the irreducibles.



CLOSURE PROPERTIES OF ALGEBRAIC CIRCUITS

It is natural to ask if a computational model is robust under fundamental operations.
Boolean circuits are studied under union and intersection.

In the algebraic world, we can consider addition, multiplication, and crucially, factoring.

Closure under addition and multiplication is trivial, and Kaltofen classically proved closure of

VP under factoring. This robust behavior extends even to larger classes:

Theorem ([BDS24; CKS19])
VNP is closed under factoring even over finite fields.

Are there classes within VP that are not closed under factoring?



KNOWN CLOSURE RESULTS
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KNOWN CLOSURE RESULTS

VF VBP VP VNP

Breakthrough: [Bha+25a] gave a unified framework to prove all the known closure results.



READ-ONCE OBLIVIOUS ABP (ROABP)



THE COMPUTATIONAL MODEL

A restricted algebraic branching program (ABP) which was alluded to earlier as skew circuits.
Fix a permutation 7t : [n] — [n]. Model will read the variables in the order 7t(1),7t(2),...,7(n),
and each variable is read at most once.

The polynomial computed by an

ROABP is of the form:

5
xf +3 X§
x2+1
fo= >oowt(y). 4
path y:s~t

wt(7y) is a product of univariate
polynomials on the pathy. & R el el

Subsumes many models such as sparse, set-multilinear, diagonal depth 3.



WIDTH DEPENDS ON VARIABLE ORDER

Consider the following 2n-variate polynomial:

f(X,y) =

The "Good" Order

(Xl’yI:XZ’ Y2, <5 Xn, yn)

Width: 2.

IEI(X/' +Yi)
i1

The "Bad" Order

(X].:XZ: .. ':Xn,yl7 YZ; ..

Width: 2.

> Yn)



FACTOR NON-CLOSURE OF ROABP



LIFTING SPARSITY HARDNESS TO ROABP

Goal: Lift sparsity hardness to ROABP. (Both f and g are easy for ROABP).



LIFTING SPARSITY HARDNESS TO ROABP

Let G = (V,E) be a graph. Define:

I1 ((xixj)d—l) = I (xj-1)- T1 (1+x,~xj+ : +(x,xj)d 1)

(i,j)<E (i,j)<E (i,j)€E
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Graph properties:
Constant degree graph == monomials in fg = 2/l = 20(") = .,
Induced matching: Any large enough vertex partition S, T has an induced matching M of
size Q(n).

The first property keeps fg easy for ROABP. The second property makes gg hard for ROABP in

every variable order.



MAIN THEOREMS

Theorem (Factor non-closure)

Thereis af = g-hsuchthatf is computable by an ROABP of width w := 20(0) such that its factor g
requires ROABP of width w(1°89) jn every variable order.

Theorem (Powering non-closure)
There is a quadratic polynomial f computable by O(n) width ROABP such that for any d, fd
requires ROABP of width at least
(d +n /2)
n/2

in every variable order.



ROABP COMPLEXITY OF SYMMETRIC COMPOSITION



FUNDAMENTAL THEOREM OF SYMMETRIC POLYNOMIALS

The degree-d elementary symmetric polynomialin n variables is defined as:

eg(X1,. ., Xn) = Y. Xiy - X,
1<iy<<ig<n

The Fundamental Theorem
For any symmetric polynomial foym (X1, . . . ,Xn) there is a unique polynomial f such that:

fsym(Xl,...,Xn) = f(el,...,en)

How does size(f) relate to size(fsym)?
[BJ19] showed they are polynomially related for circuits. [Bha+25b] proved the same for

formulas and constant depth circuits.



MAIN THEOREMS

Theorem (fsym is easy, f is hard)

There exists f such that fsym = f(e1, ..., en) has constant-width ROABP, but f requires width
2Q(n)

Candidate: fsym = Z,”IO ei(xll(, ... ,x,’§) for prime k € [n/2,n].
fsym has a constant width ROABP, while f is the Circulant Polynomial.

Theorem (f is easy, fsym is hard)

There exists f with constant-width ROABP such that fsym requires width 2Q(n)

Candidate: f(x1,...,xp) = x’; where k = [n/2].



OPEN PROBLEMS

ROABP is not closed under factoring, powering, or symmetric

composition. Where else is it not closed?

Exponential Factor Separation: Is there a polynomial which is easy for ROABP but has a factor
that is exponentially harder for ROABP?

Universality of Hardness Lifting: Given a polynomial f with sparsity s, can we always find a
gadget ¢ such that f(b o x) requires ROABP size Q(s) in every order?

Hard Roots of Easy Powers: |s there a polynomial f = gd that is easy for ROABP, but whose root
gishard?
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